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WHY IS IT FASTER? 
OR, IS IT AT ALL?

SUPER-POWER VS SUPER-WEAKNESS



FACTORING 713
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QUANTUM COMPUTING

1. Initialization
2. Unitary operation
3. Measurement
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<latexit sha1_base64="wDBIHJz1ELUw36dYfKtmULYtSLo=">AAABlHicbY9bSwJRFIX3sZvZbSqIoJchXwxCZsbsAgWCBD2FQaNCyuHMcWeHOXNhzrEmxH5Nr/V/+jfpaA9i62mx1l7wbS+WQmnL+iG5peWV1bX8emFjc2t7x9jda6pokHB0eSSjpO0xhVKE6GqhJbbjBFngSWx5fn3St14xUSIKH/V7jN2A9UPxLDjT44gah6l5Y5ZSaqfU6fBepJWZ0vCEOtQoWmUrk7lo7Jkp1kqQqUEN7PQiPggw1FwypZ5sO9bdIUu04BJHhc5AYcy4z/o49MWbSLiaD9Psm9NJN4b8ZxEw/TLKuK4uK9WKYy6aP66mU7bPy9WHs2KtMQWEPBzBMZTAhguowR00wAUOH/AJX/BNDsg1qZPb6WmOzDb7MCdy/wv8x2tQ</latexit>
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<latexit sha1_base64="wQPcRowiBNvquHit6i+kIg1P4As=">AAAB2XicfY5LS8NAFIVn6qvGV3zsBBHbRQqlzDSK1I0FF3ZZwT6gKSWZ3tahySQkE18hC3fi1r/g2l/jxqX/xKmtghY8q49z7rn3OoHLI0nIO87MzS8sLmWXtZXVtfUNfXOrGflxyKDBfNcP244dgcsFNCSXLrSDEGzPcaHljM7Geesawoj74lLeBdD17KHgA85sqaye/mJFoEpiKK8SKxZ8ymlCSsQkXKSa5cCQiyTgTMYhpIZJiiYpGKRICpoVxFIRPSok1vgDgyo3oSRNJ1H5n4yqTBnWILQ9cPzbbyNfy49HQPR/bvb0nHrnS/uzQKeQO327/zh/3UnqPX3P6vss9kBI5tpR1KEkkN1kxG84cyHV1EL6tz4LzXKJHpYqFyRXraOJsmgXHSADUXSMqqiG6qiBGNYwwRV8gjv4AT/ip8loBk872+iX8PMn2Bt/Aw==</latexit>

<latexit sha1_base64="tQ4ZUmMN3a2TXtQ8wmNDyyDH52o=">AAABSXicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKhcdkp5ZUG9TGCygb6BmAgQImwxDKUHZQYACDgHgB3ZiU/OTS3NS8kuScxOLi6uzM8szknNRarpjS4tSCxOTsxPTU6tzSnJLMovxyiPmWlkamFiYKmAyY+WFGeoZmeqaBJsoOARCLGDgYpBmUGDQYDBnMGRwYPBgCGEIZkhmyGSYyzGKYzXCa4SPDD4ZfEKVMjFA9wgwogJEZAKUiUmA=</latexit>

|0i
<latexit sha1_base64="o+MLrKsaJ2haXZ5/IpBDD1pMvdI=">AAABZHicZY3LSsNAFIZP6q3WaqPFlSDBbASxJKFVuwu40V0F03YRCZPxtAyZXJyZWCRk69O41XfxBXwONakL6bc5H+fynzDjTCrL+tQaa+sbm1vN7dZOe3evo+8fjGWaC4oeTXkqpiGRyFmCnmKK4zQTSOKQ4ySMrn/nk2cUkqXJvXrJ8CEm84TNGCXqpxXohj8ThBZ+hKqwyrOq2mVZ+PJJqMIpy0A3rZ5VYayKvRTTNaBiFOjn/mNK8xgTRTmRsojYglGOZcvPJWaERmSORZxzxUS6qPOHQ2dw1TdW5S9/7PTsi97grm+6t/UjaMIRnMAp2HAJLtzACDyg8Apv8A4f8KW1ta52WK82tOVNF/6hHX8Dx55asw==</latexit>

|0i+ |1ip
2

H

<latexit sha1_base64="wQPcRowiBNvquHit6i+kIg1P4As=">AAAB2XicfY5LS8NAFIVn6qvGV3zsBBHbRQqlzDSK1I0FF3ZZwT6gKSWZ3tahySQkE18hC3fi1r/g2l/jxqX/xKmtghY8q49z7rn3OoHLI0nIO87MzS8sLmWXtZXVtfUNfXOrGflxyKDBfNcP244dgcsFNCSXLrSDEGzPcaHljM7Geesawoj74lLeBdD17KHgA85sqaye/mJFoEpiKK8SKxZ8ymlCSsQkXKSa5cCQiyTgTMYhpIZJiiYpGKRICpoVxFIRPSok1vgDgyo3oSRNJ1H5n4yqTBnWILQ9cPzbbyNfy49HQPR/bvb0nHrnS/uzQKeQO327/zh/3UnqPX3P6vss9kBI5tpR1KEkkN1kxG84cyHV1EL6tz4LzXKJHpYqFyRXraOJsmgXHSADUXSMqqiG6qiBGNYwwRV8gjv4AT/ip8loBk872+iX8PMn2Bt/Aw==</latexit>

<latexit sha1_base64="tQ4ZUmMN3a2TXtQ8wmNDyyDH52o=">AAABSXicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKhcdkp5ZUG9TGCygb6BmAgQImwxDKUHZQYACDgHgB3ZiU/OTS3NS8kuScxOLi6uzM8szknNRarpjS4tSCxOTsxPTU6tzSnJLMovxyiPmWlkamFiYKmAyY+WFGeoZmeqaBJsoOARCLGDgYpBmUGDQYDBnMGRwYPBgCGEIZkhmyGSYyzGKYzXCa4SPDD4ZfEKVMjFA9wgwogJEZAKUiUmA=</latexit>

|0i
<latexit sha1_base64="o+MLrKsaJ2haXZ5/IpBDD1pMvdI=">AAABZHicZY3LSsNAFIZP6q3WaqPFlSDBbASxJKFVuwu40V0F03YRCZPxtAyZXJyZWCRk69O41XfxBXwONakL6bc5H+fynzDjTCrL+tQaa+sbm1vN7dZOe3evo+8fjGWaC4oeTXkqpiGRyFmCnmKK4zQTSOKQ4ySMrn/nk2cUkqXJvXrJ8CEm84TNGCXqpxXohj8ThBZ+hKqwyrOq2mVZ+PJJqMIpy0A3rZ5VYayKvRTTNaBiFOjn/mNK8xgTRTmRsojYglGOZcvPJWaERmSORZxzxUS6qPOHQ2dw1TdW5S9/7PTsi97grm+6t/UjaMIRnMAp2HAJLtzACDyg8Apv8A4f8KW1ta52WK82tOVNF/6hHX8Dx55asw==</latexit>

|0i+ |1ip
2

H

<latexit sha1_base64="wQPcRowiBNvquHit6i+kIg1P4As=">AAAB2XicfY5LS8NAFIVn6qvGV3zsBBHbRQqlzDSK1I0FF3ZZwT6gKSWZ3tahySQkE18hC3fi1r/g2l/jxqX/xKmtghY8q49z7rn3OoHLI0nIO87MzS8sLmWXtZXVtfUNfXOrGflxyKDBfNcP244dgcsFNCSXLrSDEGzPcaHljM7Geesawoj74lLeBdD17KHgA85sqaye/mJFoEpiKK8SKxZ8ymlCSsQkXKSa5cCQiyTgTMYhpIZJiiYpGKRICpoVxFIRPSok1vgDgyo3oSRNJ1H5n4yqTBnWILQ9cPzbbyNfy49HQPR/bvb0nHrnS/uzQKeQO327/zh/3UnqPX3P6vss9kBI5tpR1KEkkN1kxG84cyHV1EL6tz4LzXKJHpYqFyRXraOJsmgXHSADUXSMqqiG6qiBGNYwwRV8gjv4AT/ip8loBk872+iX8PMn2Bt/Aw==</latexit>

<latexit sha1_base64="tQ4ZUmMN3a2TXtQ8wmNDyyDH52o=">AAABSXicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKhcdkp5ZUG9TGCygb6BmAgQImwxDKUHZQYACDgHgB3ZiU/OTS3NS8kuScxOLi6uzM8szknNRarpjS4tSCxOTsxPTU6tzSnJLMovxyiPmWlkamFiYKmAyY+WFGeoZmeqaBJsoOARCLGDgYpBmUGDQYDBnMGRwYPBgCGEIZkhmyGSYyzGKYzXCa4SPDD4ZfEKVMjFA9wgwogJEZAKUiUmA=</latexit>

|0i
<latexit sha1_base64="o+MLrKsaJ2haXZ5/IpBDD1pMvdI=">AAABZHicZY3LSsNAFIZP6q3WaqPFlSDBbASxJKFVuwu40V0F03YRCZPxtAyZXJyZWCRk69O41XfxBXwONakL6bc5H+fynzDjTCrL+tQaa+sbm1vN7dZOe3evo+8fjGWaC4oeTXkqpiGRyFmCnmKK4zQTSOKQ4ySMrn/nk2cUkqXJvXrJ8CEm84TNGCXqpxXohj8ThBZ+hKqwyrOq2mVZ+PJJqMIpy0A3rZ5VYayKvRTTNaBiFOjn/mNK8xgTRTmRsojYglGOZcvPJWaERmSORZxzxUS6qPOHQ2dw1TdW5S9/7PTsi97grm+6t/UjaMIRnMAp2HAJLtzACDyg8Apv8A4f8KW1ta52WK82tOVNF/6hHX8Dx55asw==</latexit>

|0i+ |1ip
2

H

<latexit sha1_base64="wQPcRowiBNvquHit6i+kIg1P4As=">AAAB2XicfY5LS8NAFIVn6qvGV3zsBBHbRQqlzDSK1I0FF3ZZwT6gKSWZ3tahySQkE18hC3fi1r/g2l/jxqX/xKmtghY8q49z7rn3OoHLI0nIO87MzS8sLmWXtZXVtfUNfXOrGflxyKDBfNcP244dgcsFNCSXLrSDEGzPcaHljM7Geesawoj74lLeBdD17KHgA85sqaye/mJFoEpiKK8SKxZ8ymlCSsQkXKSa5cCQiyTgTMYhpIZJiiYpGKRICpoVxFIRPSok1vgDgyo3oSRNJ1H5n4yqTBnWILQ9cPzbbyNfy49HQPR/bvb0nHrnS/uzQKeQO327/zh/3UnqPX3P6vss9kBI5tpR1KEkkN1kxG84cyHV1EL6tz4LzXKJHpYqFyRXraOJsmgXHSADUXSMqqiG6qiBGNYwwRV8gjv4AT/ip8loBk872+iX8PMn2Bt/Aw==</latexit>

<latexit sha1_base64="tQ4ZUmMN3a2TXtQ8wmNDyyDH52o=">AAABSXicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKhcdkp5ZUG9TGCygb6BmAgQImwxDKUHZQYACDgHgB3ZiU/OTS3NS8kuScxOLi6uzM8szknNRarpjS4tSCxOTsxPTU6tzSnJLMovxyiPmWlkamFiYKmAyY+WFGeoZmeqaBJsoOARCLGDgYpBmUGDQYDBnMGRwYPBgCGEIZkhmyGSYyzGKYzXCa4SPDD4ZfEKVMjFA9wgwogJEZAKUiUmA=</latexit>

|0i
<latexit sha1_base64="o+MLrKsaJ2haXZ5/IpBDD1pMvdI=">AAABZHicZY3LSsNAFIZP6q3WaqPFlSDBbASxJKFVuwu40V0F03YRCZPxtAyZXJyZWCRk69O41XfxBXwONakL6bc5H+fynzDjTCrL+tQaa+sbm1vN7dZOe3evo+8fjGWaC4oeTXkqpiGRyFmCnmKK4zQTSOKQ4ySMrn/nk2cUkqXJvXrJ8CEm84TNGCXqpxXohj8ThBZ+hKqwyrOq2mVZ+PJJqMIpy0A3rZ5VYayKvRTTNaBiFOjn/mNK8xgTRTmRsojYglGOZcvPJWaERmSORZxzxUS6qPOHQ2dw1TdW5S9/7PTsi97grm+6t/UjaMIRnMAp2HAJLtzACDyg8Apv8A4f8KW1ta52WK82tOVNF/6hHX8Dx55asw==</latexit>

|0i+ |1ip
2

<latexit sha1_base64="800o7+6fHFvox4Fon7uKpa5a1zs=">AAABSHicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKhcWUpeSXFMcLKBvoGYCBAibDEMpQdlBgAIOAeAHdmJT85NLc1LyS5JzE4uLq7MzyzOSc1FqumNLi1ILE5OzE9NTq3NKcksyi/PJasPmWlkamFiYKmAyY+WFGeoZmeqaBJsoOARCLGDgYpBmUGDQYDBnMGRwYPBgCGEIZkhmyGCYwzGSYxXCK4QPDd4afEKVMjFA9wgwogJEJAEpiUho=</latexit>

<latexit sha1_base64="NyOCipDKniiQ8kG+ZeNt3fYv/Qo=">AAABS3icSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKRcZkp5ZUV8Qb1cYLKBvoGYCBAibDEMpQdlBgAIOAeAHdmJT85NLc1LyS5JzE4uLq7MzyzOSc1FqumNLi1ILE5OzE9NTq3NKcksyi/HKI+ZaWRqYWJgqYDJj5YUZ6hmZ6poEmyg4BEIsYOBikGZQYNBgMGcwZHBg8GAIYQhmSGXIZJjPMYZjLcJbhM8Mvhj8QpUyMUD3CDCiAkRUAsS5TTQ==</latexit>

|x2i

<latexit sha1_base64="WA/SH7XP0LdCcU3bNymKsaPFQxM=">AAABS3icSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKRcZkp5ZUV8Qb1sYLKBvoGYCBAibDEMpQdlBgAIOAeAHdmJT85NLc1LyS5JzE4uLq7MzyzOSc1FqumNLi1ILE5OzE9NTq3NKcksyi/HKI+ZaWRqYWJgqYDJj5YUZ6hmZ6poEmyg4BEIsYOBikGZQYNBgMGcwZHBg8GAIYQhmSGXIZJjPMYZjLcJbhM8Mvhj8QpUyMUD3CDCiAkRUAsE5TTA==</latexit>

|x1i
<latexit sha1_base64="WA/SH7XP0LdCcU3bNymKsaPFQxM=">AAABS3icSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKRcZkp5ZUV8Qb1sYLKBvoGYCBAibDEMpQdlBgAIOAeAHdmJT85NLc1LyS5JzE4uLq7MzyzOSc1FqumNLi1ILE5OzE9NTq3NKcksyi/HKI+ZaWRqYWJgqYDJj5YUZ6hmZ6poEmyg4BEIsYOBikGZQYNBgMGcwZHBg8GAIYQhmSGXIZJjPMYZjLcJbhM8Mvhj8QpUyMUD3CDCiAkRUAsE5TTA==</latexit>

|x1i

<latexit sha1_base64="BXMrQQLrPykO6/MeGyjTBJ5gpD0=">AAABV3icZY1NT4NAEIaHqhXrF7VHL0QuXiRA2mpvJF48YiJtDxiyrGOzYWEJu9g2pL/Fq/6k/ho/Sj2YPqcn8868kxScSeU4a621t3/QPtSPOscnp2fnRvdiLEVVUgyp4KKcJkQiZzmGiimO06JEkiUcJ0l6/5tP3rCUTORPalngc0ZmOXtllKifUWz0ohRVvYjdSBS8kuYi9laxYTm2s8HcFXcrlm/ChiA2bqIXQasMc0U5kbJO2ZxRjqtOVEksCE3JDOus4oqVYt70j0be4K5v7spf/9iz3aE9eOxbftA8Ah0u4QquwYVb8OEBAgiBwhLe4QM+YQ1fWlvTm9WWtr3pwT+07jeu81Wb</latexit>

|x1 � x2i

u
U

<latexit sha1_base64="NyOCipDKniiQ8kG+ZeNt3fYv/Qo=">AAABS3icSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKRcZkp5ZUV8Qb1cYLKBvoGYCBAibDEMpQdlBgAIOAeAHdmJT85NLc1LyS5JzE4uLq7MzyzOSc1FqumNLi1ILE5OzE9NTq3NKcksyi/HKI+ZaWRqYWJgqYDJj5YUZ6hmZ6poEmyg4BEIsYOBikGZQYNBgMGcwZHBg8GAIYQhmSGXIZJjPMYZjLcJbhM8Mvhj8QpUyMUD3CDCiAkRUAsS5TTQ==</latexit>

|x2i

<latexit sha1_base64="WA/SH7XP0LdCcU3bNymKsaPFQxM=">AAABS3icSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKRcZkp5ZUV8Qb1sYLKBvoGYCBAibDEMpQdlBgAIOAeAHdmJT85NLc1LyS5JzE4uLq7MzyzOSc1FqumNLi1ILE5OzE9NTq3NKcksyi/HKI+ZaWRqYWJgqYDJj5YUZ6hmZ6poEmyg4BEIsYOBikGZQYNBgMGcwZHBg8GAIYQhmSGXIZJjPMYZjLcJbhM8Mvhj8QpUyMUD3CDCiAkRUAsE5TTA==</latexit>

|x1i
<latexit sha1_base64="WA/SH7XP0LdCcU3bNymKsaPFQxM=">AAABS3icSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKRcZkp5ZUV8Qb1sYLKBvoGYCBAibDEMpQdlBgAIOAeAHdmJT85NLc1LyS5JzE4uLq7MzyzOSc1FqumNLi1ILE5OzE9NTq3NKcksyi/HKI+ZaWRqYWJgqYDJj5YUZ6hmZ6poEmyg4BEIsYOBikGZQYNBgMGcwZHBg8GAIYQhmSGXIZJjPMYZjLcJbhM8Mvhj8QpUyMUD3CDCiAkRUAsE5TTA==</latexit>

|x1i

l
u

<latexit sha1_base64="OUQYN6LbTOAhjwd9jZFyyvdKtss=">AAABWHicZY3LToNAFIYP9dKLl2J154bIxo0EmlbtjsSNS0yk7QIlw3isEwaGMINVCe/iVt9In8Za6sL0W305/zn/iTLOpLLtL62xsbm13Wy1Ozu7e/td/aA3lqLIKfpUcJFPIyKRsxR9xRTHaZYjSSKOkyi++s0nz5hLJtJb9ZrhXUJmKXtklKjFKNSPgiei/PvyJXSqIEa1kH4V6qZt2UuMdXFWYroGLPFC/Sx4ELRIMFWUEynLmM0Z5Vh1gkJiRmhMZlgmBVcsF/O6fzTqDy8Hxrr89Y/7lnNuDW8GpuvVj6AFx3ACp+DABbhwDR74QOEN3uEDPuFbA62ptevVhra6OYR/aL0fN4dVOw==</latexit>

Ûx1 |x2i

<latexit sha1_base64="MF1GiSlEGE5R7fOIkOt5UR9J30M=">AAACCHicbY3LTsJAFIZn8IZ4oerSTSMJQQmk06jgwoTEjcuayEVTJe1wJJNOO01nKjGkL+DTuDNujS/h24gUFMGzmT/f+eY/bsiZVIbxiTNLyyura9n13Mbm1nZe29ltSRFHFJpUcBF1XEcCZwE0FVMcOmEEju9yaLvexfe+/QiRZCK4Vk8h3PlOP2APjDpqhLraR8n2QA2NpFgeB5Ic2kIxH+R0Mc91m/aEGj12rqif66llpDDRyxNA5gCZN8is8U/jr/iTzBl3iu6DCkm6WsGoGuPRFwOZhEKjjsZjdbWK3RM09iFQlDtSDj02YJRDkrNjCaFDPacPQz/mikVikPaf1eumWdMXw7S/ZVbJafXk6rjQsNJDKIv20QEqIYJqqIEukYWaiOIjbOEbfIuf8Qt+xW+pmsGTP3voz+D3LzeNkWY=</latexit>

(|0i+ |1i)⌦ (|0i+ |1i)⌦ · · ·
= |00 · · ·i+ |01 · · ·i+ |10 · · ·i+ |11 · · ·i+ · · ·
= |0i+ |1i+ |2i+ · · ·+ |2n � 1i

H

<latexit sha1_base64="wQPcRowiBNvquHit6i+kIg1P4As=">AAAB2XicfY5LS8NAFIVn6qvGV3zsBBHbRQqlzDSK1I0FF3ZZwT6gKSWZ3tahySQkE18hC3fi1r/g2l/jxqX/xKmtghY8q49z7rn3OoHLI0nIO87MzS8sLmWXtZXVtfUNfXOrGflxyKDBfNcP244dgcsFNCSXLrSDEGzPcaHljM7Geesawoj74lLeBdD17KHgA85sqaye/mJFoEpiKK8SKxZ8ymlCSsQkXKSa5cCQiyTgTMYhpIZJiiYpGKRICpoVxFIRPSok1vgDgyo3oSRNJ1H5n4yqTBnWILQ9cPzbbyNfy49HQPR/bvb0nHrnS/uzQKeQO327/zh/3UnqPX3P6vss9kBI5tpR1KEkkN1kxG84cyHV1EL6tz4LzXKJHpYqFyRXraOJsmgXHSADUXSMqqiG6qiBGNYwwRV8gjv4AT/ip8loBk872+iX8PMn2Bt/Aw==</latexit>
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QUANTUM SUPER-POWER
QUANTUM PARALLELISM
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CONSEQUENCES OF LINEARITY
BLESS OR CURSE?

Complementarity 
(no-cloning theorem)

Duality 
(quantum parallelism)

• Ability to try all possibilities at once • Only orthogonal states may be 
discriminated/copied

Super-power Super-curse



QUANTUM ALGORITHMS: TWO FAMILIES
• Quantum Fourier Transform Based

- Generalized Quantum Fourier Transform
- Quantum Schur Transform

• Quantum Search Based
- Quantum Amplitude Amplification
- Quantum Signal Processing
- Quantum Singular Value Transform

• Hybrid Types
- VQA, QML, etc.

• cf. Decoded Quantum Interferometry (arXiv: 2408.08292)



SAMPLING PROBLEMS
• RANDOM CIRCUIT SAMPLING

• BOSON SAMPLING

• …



RANDOM CIRCUIT SAMPLING

Arute et al. (Nature, 2019)
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BOSON SAMPLING

Madsen et al. (Nature, 2022)

https://doi.org/10.1038/s41586-022-04725-x
https://doi.org/10.1038/s41586-022-04725-x
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…. certain families of constant-depth, 
2D random circuits can be 

approximately simulated on a classical 
computer in time only linear in the 

number of qubits and gates, …

Efficient Classical Simulation of Random Shallow 2D Quantum Circuits

John C. Napp ,1 Rolando L. La Placa,1 Alexander M. Dalzell ,2 Fernando G. S. L. Brandão,2,3 and Aram W. Harrow1

1Department of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA
2Institute for Quantum Information and Matter, Caltech, Pasadena, California 91125, USA

3AWS Center for Quantum Computing, Pasadena, California 91125, USA

(Received 4 March 2021; revised 15 January 2022; accepted 14 February 2022; published 27 April 2022)

A central question of quantum computing is determining the source of the advantage of quantum
computation over classical computation. Even though simulating quantum dynamics on a classical
computer is thought to require exponential overhead in the worst case, efficient simulations are known to
exist in several special cases. It was widely assumed that these easy-to-simulate cases as well as any yet-
undiscovered ones could be avoided by choosing a quantum circuit at random. We prove that this intuition
is false by showing that certain families of constant-depth, 2D random circuits can be approximately
simulated on a classical computer in time only linear in the number of qubits and gates, even though the
same families are capable of universal quantum computation and are hard to exactly simulate in the worst
case (under standard hardness assumptions). While our proof applies to specific random circuit families, we
demonstrate numerically that typical instances of more general families of sufficiently shallow constant-
depth 2D random circuits are also efficiently simulable. We propose two classical simulation algorithms.
One is based on first simulating spatially local regions which are then “stitched” together via recovery
maps. The other reduces the 2D simulation problem to a problem of simulating a form of 1D dynamics
consisting of alternating rounds of random local unitaries and weak measurements. Similar processes have
recently been the subject of an intensive research focus, which has observed that the dynamics generally
undergo a phase transition from a low-entanglement (and efficient-to-simulate) regime to a high-
entanglement (and inefficient-to-simulate) regime as measurement strength is varied. Via a mapping
from random quantum circuits to classical statistical mechanical models, we give analytical evidence that a
similar computational phase transition occurs for both of our algorithms as parameters of the circuit
architecture like the local Hilbert space dimension and circuit depth are varied and, additionally, that the
effective 1D dynamics corresponding to sufficiently shallow random quantum circuits falls within the
efficient-to-simulate regime. Implementing the latter algorithm for the depth-3 “brickwork” architecture,
for which exact simulation is hard, we find that a laptop could simulate typical instances on a 409 × 409

grid with a total variation distance error less than 0.01 in approximately one minute per sample, a task
intractable for previously known circuit simulation algorithms. Numerical results support our analytic
evidence that the algorithm is asymptotically efficient.

DOI: 10.1103/PhysRevX.12.021021 Subject Areas: Quantum Physics, Quantum Information
Statistical Physics

I. MOTIVATION

Simulating quantum systems on classical computers
requires effort that scales exponentially with the size of
the quantum system, at least for a general-purpose simu-
lation. This was the original motivation of the field of
quantum computing, since it shows that time evolution
(natural or controlled) of quantum systems can perform

tasks that are intractable for classical computers. However,
many special cases are known where quantum time
evolution can be efficiently simulated, including limited
entanglement or interaction, free fermions, and Clifford
circuits. Understanding the boundary between classically
simulable and intractable gets at a crucial question: What
makes quantum computing powerful?
There are two main ways to answer this question

concretely. We can find more classes of easy-to-simulate
quantum dynamics, or we can find evidence that other
classes of quantum dynamics are hard for classical com-
puters to simulate. The latter approach is related to the goal
of quantum computational supremacy [1], which involves
finding a well-defined computational task with evidence
for classical intractability (usually based on a plausible

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.
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<latexit sha1_base64="B1PgTCq78dWFJZkDbXE+bS4fyHA=">AAACSXicbZFbS8MwGIaTzcOsp6qX3hQHMkFG28k27wbeeDnBHcCOkWbfurD0QJKpY+wX6h/wZ3gnXtl2HTrqCyEf75Pvy0viRpxJZZofuFDc2t7ZLe1p+weHR8f6yWlXhjNBoUNDHoq+SyRwFkBHMcWhHwkgvsuh507vEt57BiFZGDyqeQQDn3gBGzNKVGwN9XeHw1hVNMcFjwULIgSZLxc01VIzasalYcfLipeZ7bbhOFrq5mlCrMzdpAn5nfCXrnvydH1PnsbEgWCU5dUcwbyJuhrqZbNqpjLyhZUV5ZaBUrWH+tgZhXTmQ6AoJ1I+WWakBvFUxSiHeO5MQkTolHiwmLIXJqjcNF/TH7hOWPyw/3T4RE2WWhrsttm07YaRL9bBunbVqlfrDzflVnuVEJXQObpAFWShBmqhe9RGHUSxjfuYYBe/4U/8hb9XRws46zlDGyoUfwBQPJED</latexit>



3 2 1 0 1 2
2 3 2 1 0 1
1 2 3 2 1 0
0 1 2 3 2 1
1 0 1 2 3 2
2 1 0 1 2 3







TRANSLATIONAL SYMMETRY
(ABELIAN SYMMETRY)

2

2

2

2

22

1

2

3

4

5

6 21

1 2

2

1

1

2

1

2 1

2

1

23

4

5 6



<latexit sha1_base64="JaVcjshQJHR43Rz2iwvKozlEgOg=">AAACSXicnVHLagIxFE20Dzt9OG2X3QwVioUiM4P42AnddGmhPqARycTrGMw8SGJbEb+w/YF+Rnelq46jLsS66YEDh3tyLocbLxZcadv+xJns3v7BYe7IOD45Pcub5xdtFU0kgxaLRCS7HlUgeAgtzbWAbiyBBp6Ajje+X/idF5CKR+GTnsbQC6gf8iFnVCejvvlBBAx10SAe+DycUSnpdD5jKeaGVbduLHuLhBipKu90dmfWdP6RWbO8cAiEg1Vfg0juj/Rt3yzYJTuFtS2clSg0LJSi2TeHZBCxSQChZoIq9ezYse4lWzVnApK9EwUxZWPqw2zMX7lkanP4lv7A3cJLDvtHIqB6NDfSYvVazXWr1rZYF2u7JadSqjyWC43msiHKoSt0jYrIQVXUQA+oiVqIYRd3McUefsdf+Bv/LJ9m8CpziTaQyf4CHTCQ3w==</latexit>



9 0 0 0 0 0
0 4 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 4





<latexit sha1_base64="6b5XBRiUULwCjPs7n2WiLAU9HLg=">AAACSnicdZFdSwJBFIZnzMq2r60uu1kSwqBk10rtTuimS4P8iEZkdjyug7MfzIyViP+wfkB/o7vopt3VCDFfOPBynjlnXmbcSHClbfsDZ9ay6xubuS1je2d3b988OGyqcCQZNFgoQtl2qQLBA2horgW0IwnUdwW03OFtwlvPIBUPgwc9jqDjUy/gfc6ojltd850I6OuCQVzweDChUtLxdMJSTQ2rYp1a9lIRYqTueiVJyllJkrpwVqK/4f/I7OKYEAh688AGkdwb6LOumbeLdipr2Thzk69ZKFW9a/ZJL2QjHwLNBFXqybEj3Ym3as4ExHtHCiLKhtSDyZC/cMnUYvM1/YLzhMUv+8+ET/VgaqTBbqrVUqliLZvfYM1S0SkXy/dX+Vp9lhDl0DE6QQXkoAqqoTtURw3E8CV+xC5m+A1/4i/8PTuawfOZI7SgTPYHns+RGA==</latexit>



7 0 0 0 0 0
0 5 0 0 0 0
0 0 1 0 0 0
0 0 0 →1 0 0
0 0 0 0 1 0
0 0 0 0 0 5





THEY ARE DIAGONALIZED ….



… SIMULTANEOUSLY BY THIS. WHY?
<latexit sha1_base64="iFsIJVId9u+mjFyKtW0lzfQ0sjY="></latexit>



1→
6

1→
6

1→
6

1→
6

1→
6

1→
6

1→
6

e
iω
3→
6

e
2iω
3→
6

→ 1→
6

e→
2iω
3→
6

e→
iω
3→
6

1→
6

e
2iω
3→
6

e→
2iω
3→
6

1→
6

e
2iω
3→
6

e→
2iω
3→
6

1→
6

→ 1→
6

1→
6

→ 1→
6

1→
6

→ 1→
6

1→
6

e→
2iω
3→
6

e
2iω
3→
6

1→
6

e→
2iω
3→
6

e
2iω
3→
6

1→
6

e→
iω
3→
6

e→
2iω
3→
6

→ 1→
6

e
2iω
3→
6

e
iω
3→
6





<latexit sha1_base64="iV6hqruZE7uQsgULecmQBko64Pc=">AAABg3icbY7LSsNAGIX/qVZrvDTq0k0wG0ENSShtXQgBN26ESE0bsLVMxmkdMrmQmXgh5CXc6ov5NrZpXZR6VodzgS9IORPSNH9QbWOzvrXd2FF29/YPmurhUV8keUaoRxKeZH6ABeUspp5kklM/zSiOAk4HQXgz7wevNBMsiR/kR0pHEZ7GbMIIlrPI7z0Vl1Z51xurummYlbR1Yy2N7mhQyR2rk+FzQvKIxpJwLMSjZaZyVOBMMsJpqQxzQVNMQjylRcjeWEbEavhesV/MuxnSP48Iy5dSqcCuul3b7mjr5g+sbxtW22jft3THXRBCA07gFM7Agg44cAsueECAwyd8wTeqo3Nko9ZiWkPLzzGsCF3/AsHDZXo=</latexit>

S→1MS



TRANSLATIONAL SYMMETRY
(ABELIAN SYMMETRY)
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QUANTUM FOURIER TRANSFORM
(ABELIAN SYMMETRY)

<latexit sha1_base64="QfaQpLxHN3Itu+r7gktKQRlZJcI=">AAACAnicbVBPSwJBHJ2xf7b907rlZciLgciuhFoQCF06hUFq0MgyjqNOu+uOM7NlLHurL9MtuvZF+gx9idbVBLF3erz3ez8erytcrrRpfsPU2vrG5lZ629jZ3ds/yGQPW8oPJGVN6ru+vO8SxVw+Yk3NtcvuhWTE67qs3XWupn77iUnF/dGdfhGs45HBiPc5JTqW7MwbdpgOJ/ZjhLBHhNI+ShQxVS4uEe5LQkMrCrEaSx3eRBFWgWc785gTx9hEYJf1dYFj32MDYjsoTmPJB0N9inCxiMcB6RkLc/G1jAVHThQ/tTN5s2QmQKvEmpN8HYEEDTvTxz2fBh4baeoSpR4sU+hOSKTm1GWRgQPFBKEOGbDQ4c9cUrUsTpLpilMvXuSfhEf0MDKSYue1WrlcRavkr1irXLIqpcrtWb7emDUEaZADJ6AALFAFdXANGqAJKPiBWXgMc/AVvsMP+Dk7TcF55ggsAX79AqhrltM=</latexit>

|xj→ ↑↓ |pj→ :=
1↔
N

∑

k

|xk→ exp (iωkpj) , ωk :=
2εk

N
<latexit sha1_base64="QfaQpLxHN3Itu+r7gktKQRlZJcI=">AAACAnicbVBPSwJBHJ2xf7b907rlZciLgciuhFoQCF06hUFq0MgyjqNOu+uOM7NlLHurL9MtuvZF+gx9idbVBLF3erz3ez8erytcrrRpfsPU2vrG5lZ629jZ3ds/yGQPW8oPJGVN6ru+vO8SxVw+Yk3NtcvuhWTE67qs3XWupn77iUnF/dGdfhGs45HBiPc5JTqW7MwbdpgOJ/ZjhLBHhNI+ShQxVS4uEe5LQkMrCrEaSx3eRBFWgWc785gTx9hEYJf1dYFj32MDYjsoTmPJB0N9inCxiMcB6RkLc/G1jAVHThQ/tTN5s2QmQKvEmpN8HYEEDTvTxz2fBh4baeoSpR4sU+hOSKTm1GWRgQPFBKEOGbDQ4c9cUrUsTpLpilMvXuSfhEf0MDKSYue1WrlcRavkr1irXLIqpcrtWb7emDUEaZADJ6AALFAFdXANGqAJKPiBWXgMc/AVvsMP+Dk7TcF55ggsAX79AqhrltM=</latexit>

|xj→ ↑↓ |pj→ :=
1↔
N

∑

k

|xk→ exp (iωkpj) , ωk :=
2εk

N



QFT CIRCUIT
H Z2 Z3 Z4

H Z2 Z3

H Z2

H

Q
B
R



Why does it matter?

Abelian stabilizer problems (Kitaev, 1996)



EXAMPLE: SIMON’S PROBLEM

• Given:  and secrete string 
• Condition:  if and only if .
• Goal: to find secrete  with as few queries to  as possible.

• Complexity: queries with  inputs (‘birthday paradox’).

• Quantum efficiency:  assuming an structured ‘oracle’.

f : {0,1}n → {0,1}n s ∈ {0,1}n

f(x) = f(y) x = y ⊕ s

s f

𝒪 (2n−1)
𝒪(n)

Simon (SIAM J Comp., 1997)



EXAMPLE: SIMON’S PROBLEM

• Group:   with  as multiplication
• Subgroup:  
• Cosets:  
• Condition:   if and only if .

G := Zn
2 ⊕

H := {0n, s}
xH = {x, x ⊕ s : x ∈ G}

f(x) = f(y) xH = yH

AS AN ABELIAN HIDDEN SUBGROUP PROBLEM



EXAMPLE SIMON’S PROBLEM
<latexit sha1_base64="49MSOtFxTgCg1OeFOeeT9plF3zE="></latexit>)︄

x→G

|x→ ↑ |0n→ ↓↔
)︄

x→G

|x→ ↑ |f(x)→

=
)︄

yH

)︄

h→H

|y + h→ ↑ |f(yH)→

=
)︄

yH

[︄
)︄

h→H

|y + h→
]︄

↑ |f(yH)→

↔
)︄

h→H

|y + h→ (y is known)



BIT-WISE QFT &  MEASUREMENTS𝒪(n)

Solve the binary linear equation  for .xi ⋅ s = 0 s

<latexit sha1_base64="k1+hN3uaxAFRFC3PYmFYe4PeIA8="></latexit>)︄

h→H

|y + h→ ↑↓
)︄

x→G

)︄

h→H

|x→ (↔1)x·(y+h)

=
)︄

x→G

|x→
[︄
(↔1)x·y + (↔1)x·(y+s)

]︄

=
)︄

x→G

|x→ (↔1)x·y [1 + (↔1)x·s]



GENERALIZED QFT
NON-ABELIAN SYMMETRY

<latexit sha1_base64="ANr7lqnH6m3vxZMhsDP8RDP33lE=">AAAB7HicbVDLTsJAFJ1BUMRX1aWbRjaYEFKIATQxIXGBS0zkkTjYTIehjp0+7Ex9pMxfuDNu/SMXfosbS6kLgmd17j3nTM5cK+BMSMP4hrm1fGF9o7hZ2tre2d3T9g8Gwo9CQvvE5344srCgnHm0L5nkdBSEFLsWp0PLuZzrwycaCuZ7N/I1oGMX2x6bMoJlsjI1HzlUxrbSkYsDIX09nRFPXpjgKntQ5xdIRK4Z24h5iGDeVVkCdbHr4rvMasaJt2KfIPEYJvlpiEk8MTNRxbM0OlPK1MpGzUihr5J6RsodHaTomdoUTXwSudSThGMhbutGIMcxDiUjnKoSigQNMHGwTWOHPbOQiOXlS3qk6lxL/v5PwsXyXpXSYmftdqPR0lfJX7FBo1Zv1prXp+VOb9EQFMEROAYVUAct0AFXoAf6gIAv8APzsAA9+Abf4cfCmoNZ5hAsAX7+AkP9kQc=</latexit>

|g→ ↑↓ |ω, ij→ :=
∑

g→G
|g→!ω

ij(g)

√
dω
|G|

<latexit sha1_base64="3zHq0iL37v9NESA0p1Bvv0kLalg=">AAABnHicbY9LS8NAFIXv1Fetj0ZdChrspoKWpEhbF0JBF4IIVewDTC2T8TYdMnmQmfggZOmvcas/xn9jm9ZFqWf1cc49cK4dCi6VYfyQ3NLyyupafr2wsbm1XdR2djsyiCOGbRaIIOrZVKLgPrYVVwJ7YYTUswV2bfdykndfMJI88B/Ue4h9jzo+H3JG1dgaaIfWiKr7snNsuaiSUapf6FNynpJTM00HWsmoGJn0RTBnUGrqkKk10IbWc8BiD33FBJXy0TRC1U9opDgTmBasWGJImUsdTFz+yiMm58237KmTSTbe+k/Do2qUFrJh541GtVrXF+FvWKdaMWuV2t1ZqdmaLoQ87MMRlMGEOjThGlrQBgYf8Alf8E0OyBW5IbfT0xyZdfZgTqTzC3crbyU=</latexit>

R̂(g) |h→ = |hg→1→

<latexit sha1_base64="gnBCsKaR5PWRh4lWrCnq4y2tNO0=">AAABvnicbU9LT8JAGPwWX4ivqkcvjVwwMaQlBvBgUuNBvaGRR2Kx2S5L3bDbbbpbxTT8Hn+NV43/xlLgQHBO8818k8z4EWdKW9YvKqytb2xuFbdLO7t7+wfG4VFHySQmtE0kl3HPx4pyFtK2ZprTXhRTLHxOu/7oZup332ismAyf9EdE+wIHIRsygnUmecb1YyU4M69M12eBjHiiPJdn6QE27710sDgmrtRMUGW6t1gI/JIu9CzsGWWrauUwV4k9J2XHhBwtzxi6A0kSQUNNOFbq2bYi3U9xrBnhdFJyE0UjTEY4oOmIvbOYqGVxnM8+n3rZmn8SAuvXSSkvdtls1moNc5UsinVqVbterT9clJ3WrCEU4QROoQI2NMCBO2hBGwh8whd8ww9y0BAJJGevBTTPHMMS0PgPSel8+Q==</latexit>

R(g) =
⊕

ω

Idω → !ω(g)



WHAT ABOUT THESE?
N.B. THEY DO NOT COMMUTE.

<latexit sha1_base64="YPjxys2Ax6KFsbwa5zyIq4g5zaY=">AAACSXicdVHLSsNAFJ1pfdT4irp0EyxIBSlJKG3dFdy4rGAfYEqZTG/ToZMHM1O1lH6h/oCf4U5cmSYp9KEHLnPmnnsuhxk34kwq0/zEufzO7t5+4UA7PDo+OdXPztsynAgKLRryUHRdIoGzAFqKKQ7dSADxXQ4dd3y/0DsvICQLgyc1jaDnEy9gQ0aJilt9/cPhMFQlzXHBY8GMCEGm8xlNMNcM07hOysrOtBxHW7mtTiwUa0P535P6lsq2b9NjrSoOBIMsr+YI5o3UTV8vmmUzgbFNrIwUGwZK0OzrQ2cQ0okPgaKcSPlsmZHqxVsVoxzivRMJEaFj4sFszF6ZoHK9+Zb8wO1Cix/2D4dP1GiuJcHu6nXbrhnbZBmsbZetarn6WCk2mmlCVECX6AqVkIVqqIEeUBO1EMU27mKCXfyOv/A3/klHczjzXKA15PK/CVyQ0w==</latexit>



0 0 1 0 0 0
0 0 0 0 1 0
1 0 0 0 0 0
0 0 0 0 0 1
0 1 0 0 0 0
0 0 0 1 0 0





<latexit sha1_base64="ConT5pKGM4xLg28KUksTJLbHIA0=">AAACSXicbZFLSwMxFIWT1kcdX6Mu3QwWpIKUySBt3RXcuKxgH+CUkklvp6HpzJCkain9hfoH/BnuxJXT6UPa6YHAId89l0PiRYIrbdtfOJPd2d3bzx0Yh0fHJ6fm2XlDhSPJoM5CEcqWRxUIHkBdcy2gFUmgQ09A0xs8zHjzFaTiYfCsxxG0h9QPeI8zquOrjvnpCujpguF64PNgQqWk4+mEJZoalm1drw5ZedddJ/8TS0JSdFuGrEh6fjNDNokLQXfR13Al9/v6pmPm7aKdyEobsjD5qoUS1Tpmz+2GbDSEQDNBlXohdqTb8VbNmYB470hBRNmA+jAZ8DcumVq/fE9+4HbG4ofdkhhS3Z8aSbH7SsVxylbaLIs1nCIpFUtPd/lqbd4Q5dAlukIFRFAZVdEjqqE6YtjBLUyxhz/wN/7Bv/PRDF5kLtCaMtk/CVyQ0w==</latexit>



0 0 0 1 0 0
0 0 0 0 0 1
0 1 0 0 0 0
0 0 0 0 1 0
1 0 0 0 0 0
0 0 1 0 0 0







THEY ARE BLOCK-DIAGONALIZED …

<latexit sha1_base64="mp+1Bzg1uZLDYhqlaLjFn+oUOcI=">AAACTHicdZFdSwJBGIVnrMy2D7e67GZJCIOSXSm1O6GbLg3yA1yR2fF1HZz9YGasRPyLdd3/6C6C1nWFbO3AwOF95rwcZpyQM6lM8wNntrZ3sru5PW3/4PAorx+ftGQwERSaNOCB6DhEAmc+NBVTHDqhAOI5HNrO+H7B288gJAv8JzUNoecR12dDRomKRn393eYwVEXNdsBl/owIQabzGY011wzLuDDM1LFtLXZpuiKLc239i9bDf8mv8CaU4AjZ4A+SypotmDtSl329YJbMWEbaWIkp1A0Uq9HXh/YgoBMPfEU5kbJrmaHqRVsVoxyivRMJIaFj4sJszF6YoHJ9+Bp/wtWCRW+7IeERNZprcbG7Wq1crhppsyrWKpesSqnyeFOoN5YNUQ6doXNURBaqojp6QA3URBTf4i4eYMBv+BN/4e/l1QxOMqdoTZnsD4czkXg=</latexit>



1 0 0 0 0 0
0 1 0 0 0 0
0 0 →1 0 0 0
0 0 0 1 0 0
0 0 0 0 →1 0
0 0 0 0 0 →1





<latexit sha1_base64="pKT1zaqTMRkOSGRx8ZSCSQvceNc=">AAACvHicjVFLS8NAEN7EV42vVo9eggWpoCWJ0tZLKXjxWME+wC1ls93EJU93t9US8nP8NV714L8xTdNDG4t+MPDN45sZZszQpVxo2rckb2xube8UdpW9/YPDo2LpuMuDMcOkgwM3YH0TceJSn3QEFS7ph4wgz3RJz3TuZvnehDBOA/9RTEMy8JDtU4tiJJLQsCQ1oUssUVGgSWzqR4gxNI0jnCJWVF09V7WcQaik7ApaDOFIjyMjTty5B/kLE9F1nAXXqlbqVnrlZQv739A1qr+GrsoWps8ykPij7EIKZNR+FhfDYlmrainUPNEzUm6pIEV7WLTgKMBjj/gCu4jzJ10LxSDpKih2SdJ3zEmIsINsEjn0lTLMl4Nv6dMvZ7nkl78oPCSeYyVd7LbRMIy6mieLxbpGVa9Vaw835VZ7viEogFNwBipAB3XQAvegDToAS+/Sh/QpfclNeSQ7sjcvlaVMcwKWIE9+AJB/vrg=</latexit>



1 0 0 0 0 0

0 → 1
2

→
3
2 0 0 0

0 →
→
3
2 → 1

2 0 0 0

0 0 0 → 1
2

→
3
2 0

0 0 0 →
→
3
2 → 1

2 0
0 0 0 0 0 1







… SIMULTANEOUSLY BY THIS. WHY?

<latexit sha1_base64="mDX9zoKptpVKunHri+Mb2CwYTuE="></latexit>



1→
6

1→
3

0 0 1→
3

1→
6

1→
6

→ 1
2
→
3

1
2

1
2

1
2
→
3

→ 1→
6

1→
6

1→
3

0 0 → 1→
3

→ 1→
6

1→
6

→ 1
2
→
3

1
2 → 1

2 → 1
2
→
3

1→
6

1→
6

→ 1
2
→
3

→ 1
2

1
2 → 1

2
→
3

1→
6

1→
6

→ 1
2
→
3

→ 1
2 → 1

2
1

2
→
3

→ 1→
6





<latexit sha1_base64="iV6hqruZE7uQsgULecmQBko64Pc=">AAABg3icbY7LSsNAGIX/qVZrvDTq0k0wG0ENSShtXQgBN26ESE0bsLVMxmkdMrmQmXgh5CXc6ov5NrZpXZR6VodzgS9IORPSNH9QbWOzvrXd2FF29/YPmurhUV8keUaoRxKeZH6ABeUspp5kklM/zSiOAk4HQXgz7wevNBMsiR/kR0pHEZ7GbMIIlrPI7z0Vl1Z51xurummYlbR1Yy2N7mhQyR2rk+FzQvKIxpJwLMSjZaZyVOBMMsJpqQxzQVNMQjylRcjeWEbEavhesV/MuxnSP48Iy5dSqcCuul3b7mjr5g+sbxtW22jft3THXRBCA07gFM7Agg44cAsueECAwyd8wTeqo3Nko9ZiWkPLzzGsCF3/AsHDZXo=</latexit>

S→1MS



NON-ABELIAN GROUP
E.g. symmetric group of degree 3

<latexit sha1_base64="PABUUhKnQTUcKipSkGb5DjguHMc=">AAABo3icbY9LS8NAFIXv1Fetr6hLN8WguCghSaWtC6HgRnBTtS8wJUzG2zpk8iAzrUrIP/DXuNU/4r+xTeui1LP6OOceONeLBZfKNH9IYW19Y3OruF3a2d3bP9AOj7oyGicMOywSUdL3qETBQ+worgT24wRp4Ansef7NLO9NMJE8CtvqPcZBQEchH3JG1dRytXOHUfHoVq8dOhmljkSVOjF3U8vOKguoZlnmarppmLnKq2AtQG+WIVfL1YbOc8TGAYaKCSrlk2XGapDSRHEmMCs5Y4kxZT4dYerzV54wuWy+5b9VZtl08j+NgKqXrJQPu2o0bLteXoW/YV3bsGpG7f5Sb7bmC6EIJ3AKF2BBHZpwCy3oAIMP+IQv+CZn5I48kPb8tEAWnWNYEhn8AgBXck0=</latexit>

S3 = →{ω12,ω123}↑



GENERALIZED QFT
<latexit sha1_base64="ANr7lqnH6m3vxZMhsDP8RDP33lE=">AAAB7HicbVDLTsJAFJ1BUMRX1aWbRjaYEFKIATQxIXGBS0zkkTjYTIehjp0+7Ex9pMxfuDNu/SMXfosbS6kLgmd17j3nTM5cK+BMSMP4hrm1fGF9o7hZ2tre2d3T9g8Gwo9CQvvE5344srCgnHm0L5nkdBSEFLsWp0PLuZzrwycaCuZ7N/I1oGMX2x6bMoJlsjI1HzlUxrbSkYsDIX09nRFPXpjgKntQ5xdIRK4Z24h5iGDeVVkCdbHr4rvMasaJt2KfIPEYJvlpiEk8MTNRxbM0OlPK1MpGzUihr5J6RsodHaTomdoUTXwSudSThGMhbutGIMcxDiUjnKoSigQNMHGwTWOHPbOQiOXlS3qk6lxL/v5PwsXyXpXSYmftdqPR0lfJX7FBo1Zv1prXp+VOb9EQFMEROAYVUAct0AFXoAf6gIAv8APzsAA9+Abf4cfCmoNZ5hAsAX7+AkP9kQc=</latexit>

|g→ ↑↓ |ω, ij→ :=
∑

g→G
|g→!ω

ij(g)

√
dω
|G|

<latexit sha1_base64="3zHq0iL37v9NESA0p1Bvv0kLalg=">AAABnHicbY9LS8NAFIXv1Fetj0ZdChrspoKWpEhbF0JBF4IIVewDTC2T8TYdMnmQmfggZOmvcas/xn9jm9ZFqWf1cc49cK4dCi6VYfyQ3NLyyupafr2wsbm1XdR2djsyiCOGbRaIIOrZVKLgPrYVVwJ7YYTUswV2bfdykndfMJI88B/Ue4h9jzo+H3JG1dgaaIfWiKr7snNsuaiSUapf6FNynpJTM00HWsmoGJn0RTBnUGrqkKk10IbWc8BiD33FBJXy0TRC1U9opDgTmBasWGJImUsdTFz+yiMm58237KmTSTbe+k/Do2qUFrJh541GtVrXF+FvWKdaMWuV2t1ZqdmaLoQ87MMRlMGEOjThGlrQBgYf8Alf8E0OyBW5IbfT0xyZdfZgTqTzC3crbyU=</latexit>

R̂(g) |h→ = |hg→1→
<latexit sha1_base64="uzzQIpLXd62R0GTX3ipHX4GC/tA=">AAAB0nicbVDLTsJAFL31ifiqunRDZIMJIS0xgAsSEhe6REOBxEIzHQYYOn2kM/XVzMK49Y/8Epdu9ScspS4IntXJeUzOHTtglAtN+1TW1jc2t7ZzO/ndvf2DQ/XouMv9KMTEwD7zw76NOGHUI4aggpF+EBLk2oz0bOdq7vceSMip73XEc0AGLpp4dEwxEolkqYY5ReKuNDk3HSJikyXNESrTmWyaPHKt2GnqchiPrMyRyzFHmtfIdVGSm8lhJiePWWpRq2gpCqtEz0ixVYAUbUsdmyMfRy7xBGaI83tdC8QgRqGgmBGZNyNOAoQdNCGxQx9piPmy+JR+RXnuJRf+03CRmMp8Ouyy0ahW64VV8jesW63otUrt9qLYai8WQg5O4QxKoEMdWnADbTAAwwd8wTf8KB3lRXlV3hbRNSXrnMASlPdfNhyGhA==</latexit>

R̂(g) |ω, ij→ =
dω∑

k=1

|ω, ik→!ω
kj(g)

<latexit sha1_base64="gnBCsKaR5PWRh4lWrCnq4y2tNO0=">AAABvnicbU9LT8JAGPwWX4ivqkcvjVwwMaQlBvBgUuNBvaGRR2Kx2S5L3bDbbbpbxTT8Hn+NV43/xlLgQHBO8818k8z4EWdKW9YvKqytb2xuFbdLO7t7+wfG4VFHySQmtE0kl3HPx4pyFtK2ZprTXhRTLHxOu/7oZup332ismAyf9EdE+wIHIRsygnUmecb1YyU4M69M12eBjHiiPJdn6QE27710sDgmrtRMUGW6t1gI/JIu9CzsGWWrauUwV4k9J2XHhBwtzxi6A0kSQUNNOFbq2bYi3U9xrBnhdFJyE0UjTEY4oOmIvbOYqGVxnM8+n3rZmn8SAuvXSSkvdtls1moNc5UsinVqVbterT9clJ3WrCEU4QROoQI2NMCBO2hBGwh8whd8ww9y0BAJJGevBTTPHMMS0PgPSel8+Q==</latexit>

R(g) =
⊕

ω

Idω → !ω(g)



THE SYMMETRIC GROUP S3



ALL PERMUTATIONS ARE BLOCK-DIAGONALIZED …

<latexit sha1_base64="mp+1Bzg1uZLDYhqlaLjFn+oUOcI=">AAACTHicdZFdSwJBGIVnrMy2D7e67GZJCIOSXSm1O6GbLg3yA1yR2fF1HZz9YGasRPyLdd3/6C6C1nWFbO3AwOF95rwcZpyQM6lM8wNntrZ3sru5PW3/4PAorx+ftGQwERSaNOCB6DhEAmc+NBVTHDqhAOI5HNrO+H7B288gJAv8JzUNoecR12dDRomKRn393eYwVEXNdsBl/owIQabzGY011wzLuDDM1LFtLXZpuiKLc239i9bDf8mv8CaU4AjZ4A+SypotmDtSl329YJbMWEbaWIkp1A0Uq9HXh/YgoBMPfEU5kbJrmaHqRVsVoxyivRMJIaFj4sJszF6YoHJ9+Bp/wtWCRW+7IeERNZprcbG7Wq1crhppsyrWKpesSqnyeFOoN5YNUQ6doXNURBaqojp6QA3URBTf4i4eYMBv+BN/4e/l1QxOMqdoTZnsD4czkXg=</latexit>



1 0 0 0 0 0
0 1 0 0 0 0
0 0 →1 0 0 0
0 0 0 1 0 0
0 0 0 0 →1 0
0 0 0 0 0 →1





<latexit sha1_base64="pKT1zaqTMRkOSGRx8ZSCSQvceNc=">AAACvHicjVFLS8NAEN7EV42vVo9eggWpoCWJ0tZLKXjxWME+wC1ls93EJU93t9US8nP8NV714L8xTdNDG4t+MPDN45sZZszQpVxo2rckb2xube8UdpW9/YPDo2LpuMuDMcOkgwM3YH0TceJSn3QEFS7ph4wgz3RJz3TuZvnehDBOA/9RTEMy8JDtU4tiJJLQsCQ1oUssUVGgSWzqR4gxNI0jnCJWVF09V7WcQaik7ApaDOFIjyMjTty5B/kLE9F1nAXXqlbqVnrlZQv739A1qr+GrsoWps8ykPij7EIKZNR+FhfDYlmrainUPNEzUm6pIEV7WLTgKMBjj/gCu4jzJ10LxSDpKih2SdJ3zEmIsINsEjn0lTLMl4Nv6dMvZ7nkl78oPCSeYyVd7LbRMIy6mieLxbpGVa9Vaw835VZ7viEogFNwBipAB3XQAvegDToAS+/Sh/QpfclNeSQ7sjcvlaVMcwKWIE9+AJB/vrg=</latexit>



1 0 0 0 0 0

0 → 1
2

→
3
2 0 0 0

0 →
→
3
2 → 1

2 0 0 0

0 0 0 → 1
2

→
3
2 0

0 0 0 →
→
3
2 → 1

2 0
0 0 0 0 0 1







Why does it matter?

Hidden subgroup problems (still unsolved)



COMPLEXITY OF QFT OVER Sn

• Classical FFT, 
• Quantum algorithm (More et al., 2004):  
• Quantum algorithm (Kawano et al., 2016): 
• Quantum algorithm (in preparation): ?

𝒪(n3n!)
𝒪(n4 log n)

𝒪(n3 log n)
𝒪(n2 log n)



QFT / ABELIAN GROUPS



DISCRETE FOURIER TRANSFORM 

<latexit sha1_base64="HhnPEkn6vHC0tj2PZRVc+K9FDcg=">AAAB7nicbU/LSsNAFJ3UV62vqEs3g0VpF5ZEpC6kUBDEValgH9C0YTKd1JBMEmcm0jLMb7hSxJ1/4laX/o1pzUJbD1w4nAfc48SBx4VhfGm5peWV1bX8emFjc2t7R9/da/MoYZi0cBRErOsgTgIvJC3hiYB0Y0YQdQLScfzLqd95IIx7UXgrJjHpUzQKPdfDSKSSrV9clWLbL8PjGrRchrA0lbT4PROyoZTFE2rLcc1QA9k4MRV0S+MyJAPppZ2xsvWiUTFmgIvEzEgRZGja+pM1jHBCSShwgDjvmUYs+hIx4eGAqIKVcBIj7KMR6aU0RJTwvpyNVPAoVYbQjVh6oYAz9XdDIsr5hDppkiJxx+e9qfiv5zDkE6EK6Rxz/vlF0j6tmNVK9easWG9mw/LgAByCEjDBOaiDa9AELYDBK3gHH+BTi7VH7Vl7+YnmtKyzD/5Ae/sGmsiOhQ==</latexit>

F (pk) =
1→
N

N→1)︄

x=0

f(x)eipkx

<latexit sha1_base64="cxch+v0f1SNOdUf2TzroJH3yqJE=">AAAB4nicbU/LSsNAFL2pr1pfUZduBotQodakSF0VCm5clQr2AU0Jk8m0DnmNMxOhhPyAOxF3/RO3+hH+jWnNQlsPXDicB9zjcJ9JZRhfWmFtfWNzq7hd2tnd2z/QD496MooFoV0S+ZEYOFhSn4W0q5jy6YALigPHp33Hu5n7/ScqJIvCezXldBTgScjGjGCVSbZ+yW0PNZE1FpgkdYsz5KVJO0XWY4xdVPGaRtWsWsSNlKy2L8xzWy8bNWMBtErMnJQhR8fWZ5YbkTigoSI+lnJoGlyNEiwUIz5NS1YsKcfEwxM6zGiIAypHyWJYis4yxUXjSGQXKrRQfzcSHEg5DZwsGWD1IJe9ufiv5wjsUZWWsjnm8vOrpFevmY1a4+6q3Orkw4pwAqdQAROuoQW30IEuEHiDd/iAT83VnrUX7fUnWtDyzjH8gTb7BhxciAk=</latexit>

pk =
2ωk

N
(k = 0, 1, · · · , N → 1)



QUANTUM FOURIER TRANSFORM 

<latexit sha1_base64="PN0xpLWhxVIuN+j+bg9HE/bgihg=">AAACNnicjVDLSkJBGJ6xm9nFU22KNkNS6CI5J8JWghBEKzFIEzx6mDOOdjjXZsZQhln1Gj1Ir9KmXUS7HqHRXJi26IeBb77Lz3zjJoHHhWm+wtTS8srqWno9s7G5tZ01dnYbPB4wQuskDmLWdDGngRfRuvBEQJsJozh0A3rn+pdj/e6RMu7F0a0YJbQd4n7k9TyChaYc4+kqnzh+AZ2Ukd1jmEhLSZs/MCGrStl8EDpyWDZVR1ZPLYV6+WEB0Y70dGaokG1nbJ8KqW/qnxsmfh2dXeIYObNoTgYtAmsKcmA6Ncd4trsxGYQ0EiTAnLcsMxFtiZnwSEBVxh5wmmDi4z5taRjhkPK2nHyWQsea6aJezPSJBJqwswmJQ85HoaudIRb3fF4bk39qLsO6nMroOtb84xdB46xolYqlm/NcpTYtlgaH4AjkgQUuQAVcgxqoAwI+YRbuwwP4At/gO/z4sabgNLMHfg38+gYzh6kh</latexit>

F (pk) =
1→
N

N→1)︄

x=0

f(x)eipkx

|pk↑ =
1→
N

N→1)︄

x=0

|x↑ eipkx

<latexit sha1_base64="cxch+v0f1SNOdUf2TzroJH3yqJE=">AAAB4nicbU/LSsNAFL2pr1pfUZduBotQodakSF0VCm5clQr2AU0Jk8m0DnmNMxOhhPyAOxF3/RO3+hH+jWnNQlsPXDicB9zjcJ9JZRhfWmFtfWNzq7hd2tnd2z/QD496MooFoV0S+ZEYOFhSn4W0q5jy6YALigPHp33Hu5n7/ScqJIvCezXldBTgScjGjGCVSbZ+yW0PNZE1FpgkdYsz5KVJO0XWY4xdVPGaRtWsWsSNlKy2L8xzWy8bNWMBtErMnJQhR8fWZ5YbkTigoSI+lnJoGlyNEiwUIz5NS1YsKcfEwxM6zGiIAypHyWJYis4yxUXjSGQXKrRQfzcSHEg5DZwsGWD1IJe9ufiv5wjsUZWWsjnm8vOrpFevmY1a4+6q3Orkw4pwAqdQAROuoQW30IEuEHiDd/iAT83VnrUX7fUnWtDyzjH8gTb7BhxciAk=</latexit>

pk =
2ωk

N
(k = 0, 1, · · · , N → 1)



<latexit sha1_base64="VN+mAjMmv9Fzotvr7JYfeArpBE0=">AAACFHicbVDLSsNAFL2pr1pfUZdugkWpm5IEqSAIBTcuK9gHNCVMptM6NJkJmamkhPyGKz/FnYg7936EW906jVFs64GBc8+5h5kzXuhTIU3zTSssLa+srhXXSxubW9s7+u5eS/BxhEkTc59HHQ8J4lNGmpJKn3TCiKDA80nbG11O/fYdiQTl7EZOQtIL0JDRAcVIKsnVkTMiMolT4/j8wsh4JXat2LUd3OdSGLHLTlw7NX5cZaYOlzQgIp/t3zlLzJosLbl62ayaGYxFYuWkDDkarv7g9DkeB4RJ7CMhupYZyl6CIkmxT9KSMxYkRHiEhqSrKEPqul6SfUVqHCmlbwx4pA6TRqb+TSQoEGISeGozQPJWzHtT8V/Pi5CqlNWx5h+/SFp21apVa9en5XojL1aEAziEClhwBnW4ggY0AcMLvMMHfGr32qP2pD1/rxa0PLMPM9BevwBZWp9J</latexit>

|x→ := |(x1x2 · · ·xn)2→ := |x1→ ↑ |x2→ ↑ · · ·↑ |xn→

<latexit sha1_base64="AoF01ayYU/Ph8k3kvtLdG87uKO0=">AAACI3icbZBPS8MwGMaT6eac/6oevQSHMC+lLTJBEAZeBC8T3B9YZ0mzbIa2SWkyYZR+E69+Gm8igge/iQezraLbfCHwvM/vfUje+HHIpLKsD1hYWy+WNsqbla3tnd09Y/+gLcU4IbRFRCiSro8lDRmnLcVUSLtxQnHkh7TjB1dT3nmkiWSC36lJTPsRHnE2ZAQrbXlG7N5QlTpuzNxhgkkaZKlzz7MMXVwiN9CoZpmBZwee45KBUBIFHj/9pRplrlAsojLvnZ8ezQOLlGeeUbVMa1ZoVdi5qIK8mp7x5A4EGUeUKxJiKXu2Fat+ihPFSEizijuWNMYkwCPa05JjfVs/nf1Mhk60M0BDkejDFZq5fxMpjqScRL6ejLB6kMtsav7L/ATrjbKKXsdefvyqaDumXTfrt2fVRjNfrAyOwDGoARucgwa4Bk3QAgS8gy9YhCX4DF/gK3ybjxZgnjkECwU/vwG9G6Nw</latexit>)︄)︄)︄)︄2ω
k

2n

[︄
:= |(0.k1k2 · · · kn)→ := |k1→ ↑ |k2→ ↑ · · ·↑ |kn→

<latexit sha1_base64="TTjjnBUEa0Ow0vMLcI4yxuJ67q8=">AAACSXicbVDLSsNAFJ1pfdT4irp0E1qEFqVkgtSVUHDjsoJ9QNOGyXSqQ55kJtIS8huu/CO/wM9wJ+LCSZqKtl4YOPfcc+6de+3QZVzo+hsslTc2t7YrO8ru3v7BoXp03ONBHBHaJYEbRAMbc+oyn3YFEy4dhBHFnu3Svu3cZPX+E404C/x7MQ/pyMMPPpsygoWkLPXZdKhI9KZjIccyTDIJBNccy081UwSaYvLYs5KZha71dIyWmbHIcvGS8xdc1k3KZz+9ZlkvOk4MM2QJS+vroxr1VUMjtdSa3tTz0NYBKkANFNGx1BdzEpDYo74gLuZ8iPRQjBIcCUZcmipmzGmIiYMf6FBCH3uUj5L8fql2JpmJNg0i+Xyh5exvR4I9zueeLZUeFo98tZaR/9bsCMuDpIpcB61+fh30jCZqNVt3l7V2p1isAk5BFdQBAlegDW5BB3QBAV+wCs/hBXyF7/ADfi6kJVh4TsCfKJW/Ab4tru0=</latexit>

|0.k1k2 · · · kn→ ↑
1)︄

x1=0

1)︄

x2=0

· · ·
1)︄

xn=0

|x1x2 · · ·xn→ e2ωi(0.k1k2···kn)(x1x2···xn)

<latexit sha1_base64="YXwsP/988JbWNXitJxgI8ZV1N1E=">AAACV3icdZBdS8MwGIXTqnPWr04vvSkOYV5YmiITvRp44+UE9wHrLGmWzdA2KU0qjtJ/4qV/ar9Gu7ZD3fSFwOGc84S88aKACmlZC0Xd2t6p7db3tP2Dw6NjvXHSFzyJMelhHvB46CFBAspIT1IZkGEUExR6ARl4/v0yH7ySWFDOnuQ8IuMQzRidUoxkbrn6hyOS0E3fXJg5PpGFIM+p7UQ0pVnLMn2XXRYplzQkQlv17X/7KbuCWYnZK8xw8ITLb5qtaLZOQ9+1y7JR3sEyzdWblmkVY2wKWIkmqKbr6u/OhOMkJEziAAkxglYkxymKJcUByTQnESRC2EczMsolQ/kTx2nxm5lxkTsTY8rj/DBpFO5PIkWhEPPQy5shki9iPVuaf2ZejPKli3Xg+uM3Rd82YdtsP143O91qsTo4A+egBSC4AR3wALqgB7CiKZZyq9wpC+VTran1sqoqFXMKfo3a+AKzR7RH</latexit>)︄

x1

|x1→ e2ωi(0.kn)x1 ↑
)︄

x2

|x1→ e2ωi(0.kn→1kn)x2 ↑ · · ·
)︄

xn

|xn→ e2ωi(0.k1k2···kn)xn



<latexit sha1_base64="YXwsP/988JbWNXitJxgI8ZV1N1E=">AAACV3icdZBdS8MwGIXTqnPWr04vvSkOYV5YmiITvRp44+UE9wHrLGmWzdA2KU0qjtJ/4qV/ar9Gu7ZD3fSFwOGc84S88aKACmlZC0Xd2t6p7db3tP2Dw6NjvXHSFzyJMelhHvB46CFBAspIT1IZkGEUExR6ARl4/v0yH7ySWFDOnuQ8IuMQzRidUoxkbrn6hyOS0E3fXJg5PpGFIM+p7UQ0pVnLMn2XXRYplzQkQlv17X/7KbuCWYnZK8xw8ITLb5qtaLZOQ9+1y7JR3sEyzdWblmkVY2wKWIkmqKbr6u/OhOMkJEziAAkxglYkxymKJcUByTQnESRC2EczMsolQ/kTx2nxm5lxkTsTY8rj/DBpFO5PIkWhEPPQy5shki9iPVuaf2ZejPKli3Xg+uM3Rd82YdtsP143O91qsTo4A+egBSC4AR3wALqgB7CiKZZyq9wpC+VTran1sqoqFXMKfo3a+AKzR7RH</latexit>)︄

x1

|x1→ e2ωi(0.kn)x1 ↑
)︄

x2

|x1→ e2ωi(0.kn→1kn)x2 ↑ · · ·
)︄

xn

|xn→ e2ωi(0.k1k2···kn)xn

<latexit sha1_base64="uCFb4C1a6NvK0Qq9l8ZzUEnJbu0=">AAACdXiclVDLSsNAFJ3EV42vqEsRglVpEWNSpG4LblxJBfuATg2T6bQdMnmQmQolzJ/4Nf6FX+LWaZpFbbvQAwOHc+653DN+wigXjvOl6RubW9s7pV1jb//g8Mg8PmnzeJJi0sIxi9OujzhhNCItQQUj3SQlKPQZ6fjB48zvvJOU0zh6FdOE9EM0iuiQYiSU5JmfkJGhqMCAiMyR1o2VM1eSt6wGE5pRWXHswIuqEqZ0NBZVGAsaEm78LZcFt65cE7cgHsSC/2+ZG3i1ec5aXOmZZcd2clirxC1IGRRoeuYHHMR4EpJIYIY477lOIvoZSgXFjEgDTjhJEA7QiPQUjZA6sZ/lfy2tK6UMrGGcqhcJK1cXExkKOZ+GvpoMkRjzZW8mrvX8FKnW0lB13OXjV0m7Zrt1u/5yX240i2IlcAYuQAW44AE0wBNoghbAWkV71jpaV/vWz/VL/Xo+qmtF5hT8gn73A5EAvN0=</latexit>)︄
|0→+ |1→ e2ωi(0.kn)

[︄
↑

)︄
|0→+ |1→ e2ωi(0.kk→1kn)

[︄
↑ · · ·↑

)︄
|0→+ |1→ e2ωi(0.k1k2···kn)

[︄

A product state!

<latexit sha1_base64="ugQ9Dkg2KtHNmzgMjelMAJAZlHc=">AAACBXicbU/LSsNAFL2prxpfUZduBovQIoakSF0JBTddRrEPaNowmU7rkCeZqVBC1v6Ev+BOxJ3f4catfobTmIW2Hrhw7jnnwj1u7DMuDONdKa2srq1vlDfVre2d3T1t/6DDo2lCaJtEfpT0XMypz0LaFkz4tBcnFAeuT7uudzX3u/c04SwKb8UspoMAT0I2ZgQLKTnaje1RkRoZOkU5MzM6TOt2zFKWVQ3dc8Jahi6RuhSrnpm1YSp9aautXMwXVXW0iqEbOdAyMQtSgQKWoz3ao4hMAxoK4mPO+6YRi0GKE8GITzPVnnIaY+LhCe1LGuKA8kGad8/QiVRGaBwlckKBcvX3RYoDzmeBK5MBFnd80ZuL/3pugmWpbF7HXHx+mXTqutnQG9fnlaZVFCvDERxDFUy4gCa0wII2EHiFD/iEL+VBeVKelZefaEkpbg7hD5S3b2mclRc=</latexit>

|0→+ |1→ e2ωi(0.kn) = |0→+ |1→ (↑1)kn = H |kn→

<latexit sha1_base64="n6RfwK93K9JnMhJXY9MxMr1inps=">AAACdnicjVDLSsNAFJ3EV42vqEtBgqXYIoZJkbotuHFnBfuQpobJdNoOmWTCzFQoIX/i3/gV/olL0zSgtl30wMC559xzuXf8mFGpIPzS9K3tnd290r5xcHh0fGKennUknwpM2pgzLno+koTRiLQVVYz0YkFQ6DPS9YOHud99J0JSHr2oWUwGIRpHdEQxUpnkmZ8uIyNVdQOiEphaN1bOnJS8JXU3pglNq9AOPCfw6i4eciWtwItqqSvoeKJqLlc0JNJaWEVlbDYyCW6ddM2wDeO/OcMzy9CGOaxV4hSkDAq0PPPDHXI8DUmkMENS9h0Yq0GChKKYkdRwp5LECAdoTPoZjVC21iDJPzu1KpkytEZcZC9SVq7+TSQolHIW+llniNRELntzca3nC5Rdms7PcZaXXyWduu007MbzXbnZKg4rgQtwBarAAfegCR5BC7QB1mrak9bTXrVv/VKv6NeLVl0rMufgH3T4AxGcvPE=</latexit>)︄
|0→+ |1→ e2ωi(0.k1k2···kn)

[︄
↑ · · ·↑

)︄
|0→+ |1→ e2ωi(0.kk→1kn)

[︄
↑

)︄
|0→+ |1→ e2ωi(0.kn)

[︄



<latexit sha1_base64="7OdhXUrr8wtck55BOXbgrfbCBdY="></latexit>

|0→+ |1→ e2ωi(0.kk→1kn) = |0→+ |1→ e2ωi(0.kk→1)e
2ωi(0.0kn)

= Rz

)︄
2ω(0.0kn) =

ωkn

2

[︄]︄
|0→+ |1→ e2ωi(0.kn→1)

⌊︄

= Rz

)︄
ωkn

2

[︄
H |kn→1→

=
⌋︄
Rz

]︄
ω

2

⌊︄⌈︄kn

H |kn→1→
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SEMICLASSICAL QFT
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APPLICATIONS
QUANTUM SCHUR TRANSFORM



THREE-LEVEL ATOMS IN A CAVITY
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Chen, Chesi, Choi (PRA, 2022)



A SYSTEM OF MANY -LEVEL ‘ATOMS’d

N := dn ≫ 1

<latexit sha1_base64="p6iQVg0ob84/sWmtqeqVdr0uL+o=">AAABzXicbVDLSsNAFL3js9ZX1KWbYDcuYskEaasgFNy4M4J9gClhMp3WIZNMyEx8UOPWP/JfBLf6HbZpFUo9i8u599wD594gEVxp2/5AS8srq2vrpY3y5tb2zq6xt99WMkspa1EpZNoNiGKCx6yluRasm6SMRIFgnSC8nOidB5YqLuNb/ZywXkSGMR9wSvR45Buup5geeeG4KB/nntQ8YmrWO3897Uut5sU4PzeVH17YFramutU/wblvVOyqXcBcJHhGKk0TCri+MfD6kmYRizUVRKk7bCe6NyKp5lSwvOxliiWEhmTIRiF/5ClV88On4gvWRBsf948jIvo+LxfBzhoNx6mbi+Q3WNup4lq1dnNaabrThFCCQziCY8BQhyZcgQstoPAOn/AF3+gaZegFvU5Xl9DMcwBzQG8/ZweEtw==</latexit>

{|s1→ ↑ |s2→ ↑ · · ·↑ |sn→ : sk = 0, 1, · · · , d↓ 1}



A SYSTEM OF MANY -LEVEL ‘ATOMS’d

N := dn ≫ 1

<latexit sha1_base64="p6iQVg0ob84/sWmtqeqVdr0uL+o=">AAABzXicbVDLSsNAFL3js9ZX1KWbYDcuYskEaasgFNy4M4J9gClhMp3WIZNMyEx8UOPWP/JfBLf6HbZpFUo9i8u599wD594gEVxp2/5AS8srq2vrpY3y5tb2zq6xt99WMkspa1EpZNoNiGKCx6yluRasm6SMRIFgnSC8nOidB5YqLuNb/ZywXkSGMR9wSvR45Buup5geeeG4KB/nntQ8YmrWO3897Uut5sU4PzeVH17YFramutU/wblvVOyqXcBcJHhGKk0TCri+MfD6kmYRizUVRKk7bCe6NyKp5lSwvOxliiWEhmTIRiF/5ClV88On4gvWRBsf948jIvo+LxfBzhoNx6mbi+Q3WNup4lq1dnNaabrThFCCQziCY8BQhyZcgQstoPAOn/AF3+gaZegFvU5Xl9DMcwBzQG8/ZweEtw==</latexit>

{|s1→ ↑ |s2→ ↑ · · ·↑ |sn→ : sk = 0, 1, · · · , d↓ 1}

• Can one handle smaller matrices?
• For , SU(2) theory helps.
• Symmetries: permutations ( ), unitaries ( )

d = 2
Sn Ud



SCHUR DUALITY

<latexit sha1_base64="4tiDaDcHZRTsk3eBpEtsAB8dlB8=">AAACNHicbVDLSsNAFJ3x2cZX1KWbYEFclJIWaeuu4EZXRrAPcGqYTK9x6ORhZqItpR/kD/gvijtx6zeYpglS6l2dOY/L3OOEgktlmu94ZXVtfWOzUNS2tnd29/T9g44M4ohBmwUiiHoOlSC4D23FlYBeGAH1HAFdZ3gx07vPEEke+LdqHELfo67PHzijKqFsXRGLGydEcg+eDOJwNwhFLG0ikhUDmoj3OQxU4pHGVa4ZhGjk2gOXLuf/XFlsbsx32XrJrJjpGMugmoFSy0DpWLb+SgYBiz3wFRNUyruqGar+hEaKMwFTjcQSQsqG1IXJkL/wiMlFcpQ2VZ5pSQH/JDyqHhfZsaJJiTRO2BxKUHE4kR4VImNGZZb8CaL8OdXS286bzVqtYSyD/LZOrVKtV+o3Z6WWNT8SFdAROkanqIoaqIUukYXaiKEPjHARa/gNf+Iv/D23ruAsc4gWBv/8Arc0rAc=</latexit>

! →
⊕

ω

!ω ↑ Iω

” →
⊕

Iω ↑ ”ω

<latexit sha1_base64="S8/dpbKE6cZKyMzr+ZV0IU/NS4U=">AAACDnicbZDLTsJAFIZP8Yb1VnXpppGNC0IKMYA7EjeuDCZyMRab6XDECdOLnalCGt7B13Bv3Bm3voJu9UFsCzUh+K/+851zJvMf2+dMSMP4VHJLyyura/l1dWNza3tH291rCy8MKLaox72gaxOBnLnYkkxy7PoBEsfm2LGHp0m/84CBYJ57Kcc+9hwycNkto0TGyNLOTUp42+rfRKYnmYNCdye6KWJ3r6umzQaez0NhmTx+sk+S4au/YrqQsE7GLK1glIxU+qIpz0yhoUOqpqU9m32Phg66knIixHXZ8GUvIoFklONENUOBPqFDMsBoyB5ZQMU8HKU3KCa9ONo/Gw6Rd/N0LEl8HhLGNLMCZehHwiGcz8ioSOM/YZCVEzXNdlKvVyo1fdFk2dqVUrlaql4cFxrNaUjIwwEcwhGUoQYNOIMmtIDCC3zBN/woT8qr8qa8T0dzymxnH+akfPwC2J+gfQ==</latexit>

V→n
d →

⊕

ω

Yω ↑Wω

<latexit sha1_base64="8KHen+9vqhM/Er1kb6/A5Lmk6SI="></latexit>

Yω : irreducible representation of Sn

Wω : irreducible representation of U→n
d



QUANTUM SCHUR TRANSFORM
<latexit sha1_base64="nSKWBzf06hoZLh382qhcpUSdzHg=">AAACAHicbZA7T8MwFIVveJbyCjCyRHRhqKokQm0RSyQWxiLRh0Qqy3FNseI8FDu0VZSFH4NgQqz8BlaQ+DekaTJU5Uyfz/G98rETciakrv8qa+sbm1vblZ3q7t7+waF6dNwTQRwR2iUBD6KBgwXlzKddySSngzCi2HM47Tvu9TzvP9FIsMC/k7OQDj089tkDI1hmFlIt26UyEcgQyLTJKJBCE8hPNdvDoZCBlsc2zxaO8NUMFVSflJQitaY39FzaKhgF1CwNcnWQ+maPAhJ71JeEYyHuDT2UwwRHkhFO06odCxpi4uIxTVw2YRERy+Y0b12fZ1mZfyY8LB+X3ZnE2YfgOHNLFFTGYSI8zHnhTOskexONymNazbtdttum2dJWoezWMxtGs9G8vahZnUVJqMApnME5GNACC26gA10g8AJf8A0/yrPyqrwrH4ura0oxcwJLUj7/AOlSmng=</latexit>

|s1s2 · · · sn→ ↑↓ |ω; yω, wω→

<latexit sha1_base64="AJ8ZkS+u3vZakRB1lPeu01wn3u0="></latexit>

!̂(ω) |ε; yω, wω→ =
∑

xω

|ε;xω, wω→!ω
xy(ω)

!̂(U) |ε; yω, wω→ =
∑

vω

|ε; yω, vω→”ω
vw(U)

Bacon, Chuang, Harrow (2007)
Krovi (2019)



QUANTUM SCHUR TRANSFORM

Bacon, Chuang, Harrow (2007)
Krovi (2019)



LAMBDA BARYON Λ0

(A BARYON OF 3 MANY 3-FLAVOR QUARKS)

<latexit sha1_base64="V7NipUW9sdg2JozKGnoHUl0UDKw="></latexit>

| 1 2
3 , u s

d → = |sud→ ↑ |sdu→+ |usd→ ↑ |dsu→

| 1 3
2 , u s

d → = 2 |uds→ ↑ 2 |dus→+ |sdu→ ↑ |sud→+ |usd→ ↑ |dsu→





ENTANGLEMENT REVIVAL IN LAMBDA MATTER
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Chen, Chesi, Choi (PRA, 2022)



UNIVERSAL ENTANGLEMENT REVIVAL
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Entanglement-revival dynamics:
• Chen, Chesi, Choi (PRA, 2022)
• Chen, Chesi, Choi (NJP, 2024)
• Chen, Chesi, Choi (PRA, 2025)
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