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<latexit sha1_base64="bAB5LwE8yo9BcptO+utRMdIHiME="></latexit>

g(a† + a)(ω+ + ω→) → g1(a
†ω→ + aω+))︄ [︄]︄ ⌊︄
rotating

+ g2(a
†ω+ + aω→))︄ [︄]︄ ⌊︄

counter-rotating

<latexit sha1_base64="daHD9m7fKECN7RKN7Zu5AbQEs+M=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBhZREpLosuHFZwT6gCeVmOkmHziRhZiKU0o0bf8WNC0Xc+g/u/BsnbRbaeuBeDufcy8w9QcqZ0o7zbZVWVtfWN8qbla3tnd09e/+grZJMEtoiCU9kNwBFOYtpSzPNaTeVFETAaScY3eR+54FKxZL4Xo9T6guIYhYyAtpIffvYG0GawrkXgRDgcY6jvHmJoBH07apTc2bAy8QtSBUVaPbtL2+QkEzQWBMOSvVcJ9X+BKRmhNNpxcsUTYGMIKI9Q2MQVPmT2RVTfGqUAQ4TaSrWeKb+3piAUGosAjMpQA/VopeL/3m9TIfX/oTFaaZpTOYPhRnHOsF5JHjAJCWajw0BIpn5KyZDkEC0Ca5iQnAXT14m7YuaW6/V7y6rjWYRRxkdoRN0hlx0hRroFjVRCxH0iJ7RK3qznqwX6936mI+WrGLnEP2B9fkD7DmYRA==</latexit>

ω, ε → g → ϑ
<latexit sha1_base64="aaxQuxwiyiF2LnPzUrK+izFWaSM=">AAACAnicbVDLSgMxFM34rPU16krcBIvgqsyIVJcFN+6sYB/QGUomzUxD8xiTjFCG4sZfceNCEbd+hTv/xkzbhbYeuJfDOfeS3BOljGrjed/O0vLK6tp6aaO8ubW9s+vu7be0zBQmTSyZVJ0IacKoIE1DDSOdVBHEI0ba0fCq8NsPRGkqxZ0ZpSTkKBE0phgZK/XcwyTQlMNA3yuTB5KTBAU3RR/33IpX9SaAi8SfkQqYodFzv4K+xBknwmCGtO76XmrCHClDMSPjcpBpkiI8RAnpWioQJzrMJyeM4YlV+jCWypYwcKL+3sgR13rEIzvJkRnoea8Q//O6mYkvw5yKNDNE4OlDccagkbDIA/apItiwkSUIK2r/CvEAKYSNTa1sQ/DnT14krbOqX6vWbs8r9cYsjhI4AsfgFPjgAtTBNWiAJsDgETyDV/DmPDkvzrvzMR1dcmY7B+APnM8ftciXsg==</latexit>

g →
↑
ω!

<latexit sha1_base64="iN+HtevG3yF5LLaodjIlXRfzYUs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kt0noRCl48VrAf0i4lm2a3oUl2SbJCWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvCDhTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKPjVBHaJjGPVS/AmnImadsww2kvURSLgNNuMLmd+90nqjSL5YOZJtQXOJIsZAQbKz1GN9HQs1Ublitu1V0ArRMvJxXI0RqWvwajmKSCSkM41rrvuYnxM6wMI5zOSoNU0wSTCY5o31KJBdV+tjh4hi6sMkJhrGxJgxbq74kMC62nIrCdApuxXvXm4n9ePzXhtZ8xmaSGSrJcFKYcmRjNv0cjpigxfGoJJorZWxEZY4WJsRmVbAje6svrpFOrevVq/f6q0mzlcRThDM7hEjxoQBPuoAVtICDgGV7hzVHOi/PufCxbC04+cwp/4Hz+AK7Uj70=</latexit>g = g1 = g2
<latexit sha1_base64="OHayWMQMTUfRFq8UZpWrFl1gkso=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mKVI8FLx4r2A9IQ9hsN+3SzW7cnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5USq4Adf9dkobm1vbO+Xdyt7+weFR9fika1SmKetQJZTuR8QwwSXrAAfB+qlmJIkE60WT27nfe2LacCUfYJqyICEjyWNOCVjJH4XeQLJHPAobYbXm1t0F8DrxClJDBdph9WswVDRLmAQqiDG+56YQ5EQDp4LNKoPMsJTQCRkx31JJEmaCfHHyDF9YZYhjpW1JwAv190ROEmOmSWQ7EwJjs+rNxf88P4P4Jsi5TDNgki4XxZnAoPD8fzzkmlEQU0sI1dzeiumYaELBplSxIXirL6+TbqPuNevN+6taq13EUUZn6BxdIg9doxa6Q23UQRQp9Ixe0ZsDzovz7nwsW0tOMXOK/sD5/AFST5Cw</latexit>

g1 →= g2



CIRCUIT QED SYSTEM TOPOLOGICAL INSULATOR

TRAPPED ION



OUTLINE

• What is a topological state?
- Chiral symmetry & Topological protection
- Bulk-boundary correspondence

• Rabi Hamiltonian
• Rabi-Su-Schrieffer-Heeger (RSSH) model
• Topological features in RSSH model
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TOPOLOGICAL STATES
CHIRAL SYMMETRY & TOPOLOGICAL PROTECTION



class � := d�D

s AZ T C S 0 1 2 3 4 5 6 7

0 A (unitary) 0 0 0 Z 0 Z 0 Z 0 Z 0
1 AIII (chiral unitary) 0 0 1 0 Z 0 Z 0 Z 0 Z

0 AI (orthogonal) + 0 0 Z 0 0 0 2Z 0 Z2 Z2

1 BDI (chiral orthogonal) + + 1 Z2 Z 0 0 0 2Z 0 Z2

2 D 0 + 0 Z2 Z2 Z 0 0 0 2Z 0
3 DIII � + 1 0 Z2 Z2 Z 0 0 0 2Z
4 AII (symplectic) � 0 0 2Z 0 Z2 Z2 Z 0 0 0
5 CII (chiral symplectic) � � 1 0 2Z 0 Z2 Z2 Z 0 0
6 C 0 � 0 0 0 2Z 0 Z2 Z2 Z 0
7 CI + � 1 0 0 0 2Z 0 Z2 Z2 Z

Dyson (JMP, 1962)
Altland & Zirnbauer (PRB, 1997)
Chiu et al. (RMP, 2017)



START WITH CHIRAL SYMMETRY
WITH SIMPLE EXAMPLES



A SUPER SIMPLE QUIZ
EIGENVALUES

<latexit sha1_base64="GMXMftsSravJXc0eWMrkU5WqjiY=">AAABWnicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQvoxCSlpmfmVSflJpYUZVbUchkoqCkYKsTEcBkCGQZcMal5KXDJeAFlAz0DMFDAZBhCGcoMUBAQLyAek5KfXJqbmleSnJNYXFydnVmemZyTCjLJEF0fJiPMSM/QTM8k0ETZIQBqJgeDNIMSgwaDIYM5gwODB0MAQyhDMsMkhh0MBxkOMdxhZGLkZOSGKGVihOoRZkABjCIAGFhSSQ==</latexit>
0 1
1 0

�



A SUPER SIMPLE QUIZ
EIGENVALUES

<latexit sha1_base64="GMXMftsSravJXc0eWMrkU5WqjiY=">AAABWnicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQvoxCSlpmfmVSflJpYUZVbUchkoqCkYKsTEcBkCGQZcMal5KXDJeAFlAz0DMFDAZBhCGcoMUBAQLyAek5KfXJqbmleSnJNYXFydnVmemZyTCjLJEF0fJiPMSM/QTM8k0ETZIQBqJgeDNIMSgwaDIYM5gwODB0MAQyhDMsMkhh0MBxkOMdxhZGLkZOSGKGVihOoRZkABjCIAGFhSSQ==</latexit>
0 1
1 0

�

<latexit sha1_base64="ozUrCUlNRNea62qNm9X3F+lJwOs=">AAABInicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKRboq2CrEFOQqGMYLKBvoGYCBAibDEMpQZoCCgHgB8ZiU/OTS3NS8kuScxOLi6uzM8szknNRaoEmG6PowGWFGeoZmeiaBJsoOARAjOaSVNAzNHTwCQpNzJ8+Zu/3uk2cQCUZGqKXCDKjgPQCdXkir</latexit>

E = ±1



A SIMPLE QUIZ
EIGENVALUES

<latexit sha1_base64="jXbXuhr6OwBAQV6z+gCwiO0V7fY=">AAABmXicZYxLS8NAFIXv1FeNr6gLF90EAyIuwiQU3VbcFDdGNG0X0TCZXsOQyYPM1AfFH+nSX+LWtgZt7YELH+fcc+JSCqUp/SSNldW19Y3mprG1vbO7Z+4f9FQxqjgGvJBFNYiZQilyDLTQEgdlhSyLJfbj9Gqa95+xUqLI7/VbiQ8ZS3LxJDjTEysy0zDGROTjOGO6Eq/vhkWtEyu8yTBhVuTOsWeFofGXPJ5NMjq7ed9b9EPMh7/bkWlTh85kLYNbgw21/Mg8CocFH2WYay6ZUuNUvAgucbrk/u8tQ89z3HOnfdu2O3692YQWHMMpuHABHeiCDwFw+IAvAoSQFrkkXXL989ogdecQFkTuvgE76mKI</latexit>2

4
0 ⌦1 ⌦2

⌦⇤
1 0 0

⌦⇤
2 0 0

3

5 Ω1 Ω2

0

1 2



A SIMPLE QUIZ
EIGENVALUES

<latexit sha1_base64="jXbXuhr6OwBAQV6z+gCwiO0V7fY=">AAABmXicZYxLS8NAFIXv1FeNr6gLF90EAyIuwiQU3VbcFDdGNG0X0TCZXsOQyYPM1AfFH+nSX+LWtgZt7YELH+fcc+JSCqUp/SSNldW19Y3mprG1vbO7Z+4f9FQxqjgGvJBFNYiZQilyDLTQEgdlhSyLJfbj9Gqa95+xUqLI7/VbiQ8ZS3LxJDjTEysy0zDGROTjOGO6Eq/vhkWtEyu8yTBhVuTOsWeFofGXPJ5NMjq7ed9b9EPMh7/bkWlTh85kLYNbgw21/Mg8CocFH2WYay6ZUuNUvAgucbrk/u8tQ89z3HOnfdu2O3692YQWHMMpuHABHeiCDwFw+IAvAoSQFrkkXXL989ogdecQFkTuvgE76mKI</latexit>2

4
0 ⌦1 ⌦2

⌦⇤
1 0 0

⌦⇤
2 0 0

3

5

<latexit sha1_base64="1Hrzw92iRUJbvfRicdcJa1sXamQ=">AAABaHicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQtYuSrYKsQU5MYUFxaVVNfE+OempifGG9bEGWnDOEZATq2OQow1EIItrC5KTalVMIgXUDbQMwADBUyGIZShzAAFAfEC4jEp+cmlual5Jck5icXF1dmZ5ZnJOam1QJMM0fVhMsKM9AzN9EwCTZQdAqBmcjBIMygxaDAYMpgzODB4MAQwhDIkMyxgOMZwnuECwytGAUZxRkmIUiZGqB5hBhTAqAQA+vZY9g==</latexit>

E = ±
p
|⌦1|2 + |⌦2|2, 0

Ω1 Ω2

0

1 2



NOT-SO SIMPLE(?) QUIZ
EIGENVALUES

<latexit sha1_base64="ZuTMyPX5+kJY0bH3P9DFd5CTZkE=">AAACAXicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQtcjklKTc/Mq07KTSwpyqyo5VIwUFBTiPHPTU1PVIg3RGIbIbGNkdgmCjExXAgdcVpAOQMUjCxvREDemIC8CXb5mNS8FLgf4gWUDfQMwEABk2EIZSgzQEFAvIB4TEp+cmlual5Jck5icXF1dmZ5ZnJOKsgkQ3R9mIwwIz1DMz2TQBNlhwComRwM0gxKDBoMhgzmDA4MHgwBDKEMyYyWjPGMGYyZjM2MKxk3MG6CKGVihOoRZkABjLsBjGF7YA==</latexit>2

66664

0 ⌦1 ⌦2 ⌦3 ⌦4

⌦⇤
1 0 0 0 0

⌦⇤
2 0 0 0 0

⌦⇤
3 0 0 0 0

⌦⇤
4 0 0 0 0

3

77775
Ω1 Ω2 Ω3 Ω4

0

1 2 3 4



NOT-SO SIMPLE(?) QUIZ
EIGENVALUES

<latexit sha1_base64="ZuTMyPX5+kJY0bH3P9DFd5CTZkE=">AAACAXicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQtcjklKTc/Mq07KTSwpyqyo5VIwUFBTiPHPTU1PVIg3RGIbIbGNkdgmCjExXAgdcVpAOQMUjCxvREDemIC8CXb5mNS8FLgf4gWUDfQMwEABk2EIZSgzQEFAvIB4TEp+cmlual5Jck5icXF1dmZ5ZnJOKsgkQ3R9mIwwIz1DMz2TQBNlhwComRwM0gxKDBoMhgzmDA4MHgwBDKEMyYyWjPGMGYyZjM2MKxk3MG6CKGVihOoRZkABjLsBjGF7YA==</latexit>2

66664

0 ⌦1 ⌦2 ⌦3 ⌦4

⌦⇤
1 0 0 0 0

⌦⇤
2 0 0 0 0

⌦⇤
3 0 0 0 0

⌦⇤
4 0 0 0 0

3

77775
Ω1 Ω2 Ω3 Ω4

0

1 2 3 4

<latexit sha1_base64="bSQvMLGk93Xb/mWSr6RrGlT2r6A=">AAABi3icZY3LSsNAFIbP1Fu9VKMuXLgJdiO0lqQWBS9QkII7K9jLYmqYTMYydDKJMxNF0jydT+EjuNUXsJe40P5n8/Of8/3HjwXXxnE+UGFpeWV1rbi+sblV2t6xdve6OkoUZR0aiUj1faKZ4JJ1DDeC9WPFSOgL1vNHN9N974UpzSP5YN5iNgjJUPInTomZRJ41aNnXNo5DrJ+VScf4LmRD4rnjx3oF0yAyuvKbyUmWVW18OZnZ31SxILNxIgOmfEUoS53qnKk6mZfKEzfzrLJTc2ayF42bmzLkanvWAQ4imoRMGiqI1umIv3Iq2LTJ/c8tmm695p7VGveNcrOddxbhEI7gGFw4hybcQhs6QOEdPuELvlEJnaILdDU/LaCc2Yc/Qq0fNQZmyA==</latexit>

E = ±
p
|⌦1|2 + · · ·+ |⌦n|2, 0, · · · , 0| {z }

n�1



A CHALLENGING(?) QUIZ
HOW MANY ZERO-EIGENVALUES?

1 2 3

1′ 2′ 3′ 4′ 5′

<latexit sha1_base64="7R58JsoiPf9atwTf4ydSg2bguAA="></latexit>2

66666666666666666664

1 2 3 10 20 30 40 50

1 0 0 0 2 1 3 1 0

2 0 0 0 3 0 1 2 3

3 0 0 0 3 0 1 2 1

10 2 3 3 0 0 0 0 0

20 1 0 0 0 0 0 0 0

30 3 1 1 0 0 0 0 0

40 1 2 2 0 0 0 0 0

50 0 3 1 0 0 0 0 0

3

77777777777777777775



CHIRAL SYMMETRY
“ANTI-SYMMETRY”

<latexit sha1_base64="1KjhjKMIjQ5qCXQ1i8fuOk/Dens=">AAACDnicbY9NS8MwGMeT+TbrW9WDBy/DQfFU2jn1OhBEbxPcC5hR0uzZFpa2I8k2Ru138NN4E69+BW9+FLuugnP+Q8jz/z95fiT+SHClHecTF9bWNza3itvGzu7e/oF5eNRU0VgyaLBIRLLtUwWCh9DQXAtojyTQwBfQ8oc3835rAlLxKHzUsxF0AtoPeY8zqtPIM7+IhBCmLAoCGnYJlZLOlJag2SB27cvEIAJ6+skgPvR5GGf9JGZzPac7MaxUJaukPDc9CfnxlvIqSz4NLn55x0rXf54M5l8xFrwstHJwRlxKMubvhEDYzd9oEMn7A93xzLJjO5lKq4WbF2WUq+6ZJ6QbsXEAoWaCKhUP+ZQzAUlKcv/OrRbNiu1e2dWHarl2nzOL6BSdoXPkomtUQ3eojhqI4Vss8BhP8At+xW/4fXG1gPOZY7Qk/PENR3aClg==</latexit>2

6666666666666666664

s1

s2

s3

0 0 0

0 0 0

s1 0 0

s2 0 0

s3 0 0

3

7777777777777777775

<latexit sha1_base64="TKC1a4FB6G11ELqVTTHryR1qrpE=">AAAB+3icZY/LTsMwEEXt8irhFWDBgk1FpYgNUQ0FtpXYwK5I9IFwVTnutLXqOJXjUlUhX8MOseUz+AD+hiQE1NJrWbrHM3c09sZShKZS+cKFldW19Y3iprW1vbO7Z+8fNMNgojk0eCAD3fZYCFIoaBhhJLTHGpjvSWh5o5u03noGHYpAPZjZGDo+GyjRF5yZ5Klrf1INCqY88H2mepRpzWah0WD4MCLuZWxRCX3zZFEPBkJFWT2OeKqX5MYWcRKVkuOUKLUcskApzlGC8+SQP6LD9AOWk7FzRn57Mkx5HhPOMqB6+UIW1WIwNJ2uXa64lUylZUNyU0a56l37iPYCPvFBGS5ZGEYjMRVcQpxMIv9zy6Z57pIrt3pfLdfu8plFdIxO0Cki6BrV0C2qowbi+AI/Yg9zHONX/Ibff1oLOM8cogXhj2+n83uP</latexit>2

6666666666666666664

1

1

1

1

1

�1

�1

�1

3

7777777777777777775

Chirality operatorHamiltonian
<latexit sha1_base64="9iDOOsD9IBW1DyWjpN5m/RHxx+o=">AAABMHicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQuIxlTHZCSWeOiAyJiIzJhaBVsFg3gBZQM9AzBQwGQYQhnKDFAQEC8gHpOSn1yam5pXkpyTWFxcnZ1Znpmck1oLNMkQXR8mI8xIz9BMzyTQRNkhAGIkh7SShqG5g0dAaHL1wlWrj77+9AUiwcgItVSYARX8BQBhuE4o</latexit>

{Ĥ, ⌅̂} = 0



Chiral symmetry 
protects zero-energy states!



PHYSICAL EXAMPLE
CHIRALITY-PROTECTED DECOHERENCE-FREE SUBSPACE

Chen, Wang, Stefano, Choi (PRA, 2022)
<latexit sha1_base64="RdMHOtu72+bd+lu3+kDA5EMy/Cw=">AAADYHicfZJLT8JAEMeX1gfiA9CbXBpJjDGRdAnqlcSLNzGRx6HabJexbOjL3UUkDRc/jVf9Nl79JBYshgJlkkn+md3fzPyzawUOE1LXvzOKurG5tZ3dye3u7R/kC8XDlvAHnEKT+o7POxYR4DAPmpJJBzoBB+JaDrSt/s3kvP0KXDDfe5CjAB5dYnvsmVEio5JZVEoGBw+G1Hdd4nUNwjkZCclB0l6IK5fjnGGBzbzQconk7G2c03TtNJHGnQs20cxqpPFCDT+dTyuGkc7NGDzfaw2XyooXLsPqOBVatWwCSk5f9JCWEzLNd9r92c6JlVKY+c3wCgt47RR93mRCrmQM8Lr/b20WynpFn4a2LHAsyiiOhlm4MLo+HbjgSeoQIULCJaMORL9oICAgtE9sCPtsyKIJvUl/vNhtWbSqFXxVqd3XyvVGPCmLSugEnSGMrlEd3aIGaiKqvCsfyqfypfyoWTWvFv+uKpmYOUKJUI9/AYhTyu4=</latexit>2

6666666666666666666664

0 0 0 0 ⌦2 1 0 ⌦⇤
1 0

0 0 0 0 ⌦1 0 1 ⌦⇤
2 0

0 0 0 0 0 ⌦1 0 1
p
2

0 0 0 0 0 0 ⌦2 1
p
2

⌦⇤
2 ⌦⇤

1 0 0 0 0 0 0 0

1 0 ⌦⇤
1 0 0 0 0 0 0

0 1 0 ⌦⇤
2 0 0 0 0 0

⌦1 ⌦2 1 1 0 0 0 0 0

0 0
p
2

p
2 0 0 0 0 0

3

7777777777777777777775



WHERE IS TOPOLOGY?

• Topology is about “continuity.”
• Therefore, we need to consider a “matter.”



START WITH A TIGHT-BINDING MODEL
SU-SCHRIEFFER-HEEGER (SSH) MODEL



SU-SCHRIEFFER-HEEGER (SSH) MODEL
IN FACT, NOT QUITE!

t1 t2 t1 t2 t1 t2
1 2 3 41′ 2′ 3′

<latexit sha1_base64="4T2vuUt1rGIho7MfQwYFHVjY/zo=">AAABf3icZYw7T8MwHMT/Lq/yDjAwsERkAKkiiqsKxFCpEkuHDqlE2g6hluOa1q3zUOyAUJTPxWdhYIWvQYAgAb3pdL+7CxIplHacF1RbWV1b36hvbm3v7O7tGweHAxVnKeMei2WcjgKquBQR97TQko+SlNMwkHwYLG4++fCBp0rE0a1+SvhdSKeRuBeM6jIiRt+fUd0126Ym2FdZSPJ5GxfjnknJfOxP6NQMyNxslLj5C+e9C1wEPw1apg1clK2ZzWxiWI7tfMlcNrgyFlRyiXHsT2KWhTzSTFKl8oV4FEzyonzC/3fLZtC08aXd6resjlt91uEETuEcMFxBB7rgggcMnuEV3uAdIXSGbOR8V2uo2hzBH6HrD0WQX14=</latexit>

Ĥ = t1

LX

j=1

a
†
jbj + t2

L�1X

j=1

b
†
jaj+1 + h.c.



SU-SCHRIEFFER-HEEGER (SSH) MODEL
IN FACT, NOT QUITE!

t1 t2 t1 t2 t1 t2
1 2 3 41′ 2′ 3′

<latexit sha1_base64="N1rzXqwb9mj5RVleSriM5BHtIao="></latexit>2

66666666666666666664

a1 a2 a3 a4 b1 b2 b3

a1 0 0 0 0 t1 0 0

a2 0 0 0 0 t2 t1 0

a3 0 0 0 0 0 t2 t1

a4 0 0 0 0 0 0 t2

b1 t1 t2 0 0 0 0 0

b2 0 t1 t2 0 0 0 0

b3 0 0 t1 t2 0 0 0

3

77777777777777777775



TOO ROBUST, NO TRANSITION
NOT-QUITE-SSH MODEL

t1 t2 t1 t2 t1 t2
1 2 3 41′ 2′ 3′

0.6 0.8 1.0 1.2 1.4

-2

-1

0

1

2

t2 / t1

E
ne
rg
y

<latexit sha1_base64="N1rzXqwb9mj5RVleSriM5BHtIao="></latexit>2

66666666666666666664

a1 a2 a3 a4 b1 b2 b3

a1 0 0 0 0 t1 0 0

a2 0 0 0 0 t2 t1 0

a3 0 0 0 0 0 t2 t1

a4 0 0 0 0 0 0 t2

b1 t1 t2 0 0 0 0 0

b2 0 t1 t2 0 0 0 0

b3 0 0 t1 t2 0 0 0

3

77777777777777777775



THERE IS SOMETHING IN THE ZERO-ENERGY STATE!
NOT-QUITE-SSH MODEL
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A “TRUE” SSH MODEL
COMBINING TWO SUBCHAINS



A “TRUE” SSH MODEL
COMBINING TWO SUBCHAINS

Two edge states at zero-energy



A “TRUE” SSH MODEL
COMBINING TWO SUBCHAINS

No edge state, no zero-energy state



A “TRUE” SSH MODEL
JUST CHANGING THE RATIO IN A FULL CHAIN

<latexit sha1_base64="51h0yGV8k0f+eZAqL6PuJY5dQ3Q=">AAABInicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKRZbEGyrYKZTEG8ULKBvoGYCBAibDEMpQZoCCgHgB8ZiU/OTS3NS8kuScxOLi6uzM8szknNRaoEmG6PowGWFGeoZmeiaBJsoOARAjOaSVNAzNHTwCQpNzJ8+Zu/3uk2cQCUZGqKXCDKjgPQDJHkjm</latexit>

t1 > t2



SOME TRANSITION!
WHERE DOES IT COME FROM?

<latexit sha1_base64="51h0yGV8k0f+eZAqL6PuJY5dQ3Q=">AAABInicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKRZbEGyrYKZTEG8ULKBvoGYCBAibDEMpQZoCCgHgB8ZiU/OTS3NS8kuScxOLi6uzM8szknNRaoEmG6PowGWFGeoZmeiaBJsoOARAjOaSVNAzNHTwCQpNzJ8+Zu/3uk2cQCUZGqKXCDKjgPQDJHkjm</latexit>

t1 > t2



THE PERIODIC SSH MODEL
BEFORE IT IS BROKEN TO AN OPEN CHAIN



THE PERIODIC SSH MODEL
BEFORE IT IS BROKEN TO AN OPEN CHAIN

<latexit sha1_base64="KNoXF78e0HxGqCSUD6EdZe3dl9A=">AAABuniclY1NTwIxFEVb/EJAHXXppnESgwvJDCG60QR1o4kLTBxgUW06tUBp58O2g5rJ/FATf4ygs1FWntXNe+/cF6ZKGOt5H7Cysrq2vlHdrNUbW9s7zu5e3ySZZjxgiUr0MKSGKxHzwAqr+DDVnEah4oNQXi/2gxnXRiTxg31P+WNEx7EYCUbtfEScGZ5QS8kUHV0gPNKU5X6RY/OibX5XFNhkEZGIP+UCSfRGpgXCqRHksimPEca1hRz+V76ay8RxvZb3DVoOfhlcUNIjzgl+TlgW8dgyRY3JqbaCKV7UcGZ4SpmkY55L8SoiaifFvN//27Yc+u2Wf9rq3Hfc7m35qQoOwCFoAh+cgS64AT0QAAY+YQXWYQOewxAKKH9OK7B09sEvoP0Cj5F2fQ==</latexit>

âj =
1p
L

X

k

eikxj A(k)

b̂j =
1p
L

X

k

eikxj B(k)

<latexit sha1_base64="4T2vuUt1rGIho7MfQwYFHVjY/zo=">AAABf3icZYw7T8MwHMT/Lq/yDjAwsERkAKkiiqsKxFCpEkuHDqlE2g6hluOa1q3zUOyAUJTPxWdhYIWvQYAgAb3pdL+7CxIplHacF1RbWV1b36hvbm3v7O7tGweHAxVnKeMei2WcjgKquBQR97TQko+SlNMwkHwYLG4++fCBp0rE0a1+SvhdSKeRuBeM6jIiRt+fUd0126Ym2FdZSPJ5GxfjnknJfOxP6NQMyNxslLj5C+e9C1wEPw1apg1clK2ZzWxiWI7tfMlcNrgyFlRyiXHsT2KWhTzSTFKl8oV4FEzyonzC/3fLZtC08aXd6resjlt91uEETuEcMFxBB7rgggcMnuEV3uAdIXSGbOR8V2uo2hzBH6HrD0WQX14=</latexit>

Ĥ = t1

LX

j=1

a
†
jbj + t2

L�1X

j=1

b
†
jaj+1 + h.c.



<latexit sha1_base64="4T2vuUt1rGIho7MfQwYFHVjY/zo=">AAABf3icZYw7T8MwHMT/Lq/yDjAwsERkAKkiiqsKxFCpEkuHDqlE2g6hluOa1q3zUOyAUJTPxWdhYIWvQYAgAb3pdL+7CxIplHacF1RbWV1b36hvbm3v7O7tGweHAxVnKeMei2WcjgKquBQR97TQko+SlNMwkHwYLG4++fCBp0rE0a1+SvhdSKeRuBeM6jIiRt+fUd0126Ym2FdZSPJ5GxfjnknJfOxP6NQMyNxslLj5C+e9C1wEPw1apg1clK2ZzWxiWI7tfMlcNrgyFlRyiXHsT2KWhTzSTFKl8oV4FEzyonzC/3fLZtC08aXd6resjlt91uEETuEcMFxBB7rgggcMnuEV3uAdIXSGbOR8V2uo2hzBH6HrD0WQX14=</latexit>

Ĥ = t1

LX

j=1

a
†
jbj + t2

L�1X

j=1

b
†
jaj+1 + h.c.

THE PERIODIC SSH MODEL
BEFORE IT IS BROKEN TO AN OPEN CHAIN

<latexit sha1_base64="I6c3a3BWLtJLOnw9ghonYxh5n/o=">AAACBXichY1LS8NAFIVn6qvGV9Slm8FCrYIlkaIroeqmgkKFvhZjw2Q6TYc8mZn4IGTtr3EnbsWf4b8xbSNou/Cszr33nPvZkcelMowvWFhYXFpeKa5qa+sbm1v69k5HhrGgrE1DLxQ9m0jm8YC1FVce60WCEd/2WNd2r8b37gMTkodBSz1H7N4nTsCHnBKVrSz9E4+IaqBzhIeC0MRMk5sUy9i3XA3bzOFBYvtECf6UajiS3Lro4wFxKu5hGU3my59ZwywY/ArPlA1URq0shjDWWv2jsSsj45/SlDht5bh5kqWXjKoxEZo3Zm5KIFfT0o/xIKSxzwJFPSJlQoTi1GMZL5YsItQlDktc/sgzxCjN/puz3+ZN56RqnlZrd7VS/TonFcEe2AcVYIIzUAcN0ARtQOEBvIUd2IUv8BW+wfdptADzzi74I/jxDX3UkQI=</latexit>

Ĥ =
1

L

X

k

⇥
 
†
A(k)  

†
B(k)

⇤  0 T (k)
T

⇤(k) 0

� 
 A(k)
 B(k)

�

<latexit sha1_base64="A3jz6LPUeFKxN3zdMAYV3f7KDPM=">AAABXHicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQtIhGhkayrYKpTEGyroAkkjhdS4at3M7Np4AWUDPQMwUMBkGEIZygxQEBAvoBuTkp9cmpuaV5Kck1hcXJ1YVJKZnJNayxVTWpxakJicnZieWp2dWZ6Zm1iSATLfEN00TEaYkZ6hmZ5JoImygyfUJg4GaQYlBg0GQwZzBgcGD4YAhlCGZIY6hiUMaxnWMdxjZGHkZuSFKGVihOoRZkABjGIAT4FTWA==</latexit>

T (k) = t1 � t2e
�ik



THE PERIODIC SSH MODEL
BEFORE IT IS BROKEN TO AN OPEN CHAIN

Ĥ =
X

k2BZ

 ̂†(k)H(k) ̂(k) , H(k) :=


0 T (k)

T
⇤(k) 0

�
,  ̂(k) :=


 A(k)
 B(k)

�

<latexit sha1_base64="f8UFOIYwQEsAkEhWsdatxwW7RXk=">AAABdnicZYw9S8NAHMb/V99qfYs6OAgSDGoKMVxK0UkoumSMaNoOJyG5XuXIJRdyV0WkX8lP4+Kgn8PRtGbRPtOP5y0pBFca4w/UWFpeWV1rrrc2Nre2d4zdvb6Sk5KykEohy2ESKyZ4zkLNtWDDomRxlgg2SNKbWT54YqXiMr/XLwV7yOLHnI85jXVlRYbv22nbPL0ySTK+rpDQkdQV35nEcQhp1fasYevIO9dRh1CpXtOpM2fF8xnjdmRY2MVzmYvg1WBBrSAyDshI0knGck1FrKpL/sypYNPqyfu/W4R+x/Uu3O5t1+oF9WcTDuEYbPDgEnrgQwAhUHiDd/iEL/hGR+gEnf1WG6je7MMfIfwDw/Na+g==</latexit>

H(k) = B(k) · S ,

B(k) = (t1 � t2 cos k,�t2 sin k, 0)



SU-SCHRIEFFER-HEEGER MODEL
(1D SPINLESS FERMION ON A BIPARTITE LATTICE)
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SU-SCHRIEFFER-HEEGER MODEL
(1D SPINLESS FERMION ON A BIPARTITE LATTICE)



SU-SCHRIEFFER-HEEGER MODEL
(1D SPINLESS FERMION ON A BIPARTITE LATTICE)



SU-SCHRIEFFER-HEEGER MODEL
(1D SPINLESS FERMION ON A BIPARTITE LATTICE)



CHERN NUMBER
(TOPOLOGICAL QUANTUM NUMBER)

Ĥ =
X

k2BZ

 ̂†(k)H(k) ̂(k) , H(k) :=


0 T (k)

T
⇤(k) 0

�
,  ̂(k) :=


 A(k)
 B(k)

�

H(k) = T · � , T (k) :=

2

6664

v � w cos k

�w sin k

0

3

7775

C =

Z
d2k

4⇡

h
T̂ · (@kx T̂ ⇥ @ky T̂ )

i

<latexit sha1_base64="BYqgmuyOHZ4AlIWZoRcOxau2FSc="></latexit>



Topologically non-trivial state in a bulk =
Zero-energy states at the boundary

BULK-BOUNDARY CORRESPONDENCE



SUMMARY SO FAR

• Chiral symmetry protects zero-energy states.
• Chiral symmetry leads to a topological classification of states.

- The topological states are revealed most clearly by the bulk-
boundary correspondence.

• Other anti-unitary symmetries (time-reversal and particle-hole) 
also lead to topological classifications of states. 

CHIRAL SYMMETRY & TOPOLOGICAL STATES



ASYMMETRIC RABI HAMILTONIAN
CHIRAL SYMMETRY KICKS IN



ROTATING VS COUNTER-ROTATING TERMS
(ASYMMETRIC RABI HAMILTONIAN)

<latexit sha1_base64="ftQrkcwUtfuOEKCHtTqKvim3bYI=">AAACkXiclY9NT8JAEIa39QvrF8jBg5dGEgIhkJYQjQcTohcTL5gIclhpttu1bmh3yXbrR5r+QH+Cv8Kr3iy1miKY6Jxm3pn3mRl74tFAGsaLoi4tr6yuFda1jc2t7Z1iaXcQ8FBg0sfc42Joo4B4lJG+pNIjw4kgyLc9cm2Pz6b963siAsrZlXyakBsfuYzeUoxkIlklxXZr8A5JNIIOcvWGnhb1VIMBdX00amRqVjbruq5VT/S8L9/+YuQJdS1RfzE0FhiSHRBqVSi5HsH0yUgQJ3YtM4Yhc4iwBcIk+s8FsRVBSR5lJLhMfmduHE+PmsW3/4BffO83HvOQSSKauTVWsWK0jDT0+cTMkgrIomcV96DDcegTJrGHgiAa0weKPRInJPOnbz4ZtFvmYatz2al0exmzAPbBAagBExyBLjgHPdAHWHlWXpU35V0tq8dqVz39HFWVzFMGM6FefAAspcTB</latexit>

g(â† + â)(�̂+ + �̂�) = g(â†�̂� + â�̂+) + g(â†�̂+ + â�̂�)

! g1 (â
†�̂� + â�̂+)| {z }+g2 (â

†�̂+ + â�̂�)| {z }

Erlingsson et al. (PRB, 2010), Schliemann et al. (PRB, 2003)
Tomka et al. (PRA, 2014), Schen et al. (APB, 2014), …



PHYSICAL IMPLEMENTATIONS



CIRCUIT QED SYSTEM
Blais et al. (PRB, 2004)

Hcoupling = g(a† + a)�x

g/2⇡ ⇠ 50MHz



CIRCUIT QED IMPLEMENTATION

Resonator input

Resonator output
Qubit 
drive

Flux line

200 μm

20 μm

a

Lu et al. (PRL, 2017)
Chen et al. (PRL, 2014)

McKay et al. (PRAppl., 2016)

<latexit sha1_base64="bStKEQsyXurmpyde7ROYkvY34aw="></latexit>

H = ωa
†
a+

!

2
εz + gr(a

†
ε
→ + aε

+) + gb(a
†
ε
+ + aε

→)

<latexit sha1_base64="KqSOl4ts3aLsArqnRdyFB8G+Pog="></latexit>

Lg(!ext) :=
Lg0

|cos(ω!ext/!0)|

<latexit sha1_base64="wgK2t3yFpZQRHxmu2vCrHiYkFC8="></latexit>

gr,b :=
Lg(!ext)

2

)︄
ω”

LrLq
→ Cg

2

)︄
ω”

CrCq



TRAPPED ION



<latexit sha1_base64="uZluVfP9XlC+es7C8RhlshC5ny0=">AAABt3icbY9LS8NAFIXv1FeNr6hLN8GCuChlUqQvKBSE4rKCfYApYTLetkMmDzNTH5T8F3+NW936b2zTuij1rD7OuRfO8WIplKb0h+S2tnd29/L7xsHh0fGJeXrWU9E04djlkYySgccUShFiVwstcRAnyAJPYt/zbxd5/wUTJaLwQb/HOAzYOBQjwZmeW67ZcHzUMzu1rhpNK+N20y4GbrtJU8txjMyiazFdxa5ZoCWaydoEewWFlgWZOq45cp4iPg0w1FwypR5tGuvhjCVacImp4UwVxoz7bIwzX7yKhKt18y3bW1xk8xn/fARMT1IjK1av1crlqrUJf8V65ZJdKVXubwqtzrIh5OECLuEabKhCC+6gA13g8AGf8AXfpE5cMiKT5WmOrH7OYU3k+RdGXXcS</latexit>

|1→ := |F = 1,mF = 0→
|0→ := |F = 0,mF = 0→



<latexit sha1_base64="wPu/4WgpmBsUmUkwdYCUpeyRFxA="></latexit>

Ĥe! =
!b + !r

4
ω̂z +

!b → !r

2
â
†
â+

1

2

(
!r â+ !b â

†)
ω̂x +H.c.

<latexit sha1_base64="1hWf0DwNGY5ncg8ZtiulnasFKbU=">AAACU3icfVFbSwJBGJ3drMxuVo+9LPliKMuuhBoUCL34lkFeoNFldvxcB2cvzIxdWPZnFvRbekldpcToPB3O+c7hMONGnEllWZ+avpXZ3tnN7uX2Dw6PjvMnpx0ZTgWFNg15KHoukcBZAG3FFIdeJID4LoeuO7mb+91nEJKFwaN6i6DvEy9gI0aJmklO/sOYAY+JipuJE2OfqLHwYxaoJMnNrVsDjwShsZ3ElVTBHEaqmNJ7HzziCFxOK0iyYlgyzyfJoGTAIGZ4CFzN7gyVVpR+p92f9AAPieeB+LfFXbVgwbyxukwbjdX0pknNJOfkC5ZpLWBsEntJCg0DLdBy8iM8DOnUh0BRTqR8sq1I9WMiFKMckhyeSogInRAP4gl7YYLKdfF18RfluTd74j8S833LYdf1eqVSMzbJalinYtpVs/pwVWi00oUoi87RBSoiG9VQAzVRC7UR1W40V5toXHvXvnRdz6SnurbMnKE16IffSqepcw==</latexit>

Ĥint =
1

2

(
!r â ω̂

+
e
iωrt + !b â

†
ω̂
+
e
iωbt

)
+H.c.



ASYMMETRIC RABI HAMILTONIAN

<latexit sha1_base64="G6MWS/04wXgFTKWTBJM+IcFUJY0=">AAAB6nicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQvsiclILPGIr3YPqlWw5YrJz01NTwQJJcbFpCSmg1kK2gpAOictxh8mGVOcmZ6bGFelwKWtUB0DdkR1UWpKbXq8Ya0Gqm6oUl2IISXI2rU1MbQb4dCujUW7riZXvICygZ4BGChgMgyhDGUGKAiIFxCPSclPLs1NzStJzkksLq7OzizPTM5JrQWaZIiuD5MRZqRnaKZnEmii7BAANZODQZpBiUGDwZDBnMGBwYMhgCGUIZlRidGDMZAxiDGHcRLjTMbZEKVMjFA9wgwogHEJAHqkiA8=</latexit>

ĤGR = !â
†
â+

1

2
⌦�̂z + g1(â

†
�̂
� + â�̂

+) + g2(â
†
�̂
+ + â�̂

�)

Erlingsson et al. (PRB, 2010), Schliemann et al. (PRB, 2003)
Tomka et al. (PRA, 2014), Schen et al. (APB, 2014), …



ASYMMETRIC RABI HAMILTONIAN
(MOSTLY AT RESONANCE)

<latexit sha1_base64="G6MWS/04wXgFTKWTBJM+IcFUJY0=">AAAB6nicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQvsiclILPGIr3YPqlWw5YrJz01NTwQJJcbFpCSmg1kK2gpAOictxh8mGVOcmZ6bGFelwKWtUB0DdkR1UWpKbXq8Ya0Gqm6oUl2IISXI2rU1MbQb4dCujUW7riZXvICygZ4BGChgMgyhDGUGKAiIFxCPSclPLs1NzStJzkksLq7OzizPTM5JrQWaZIiuD5MRZqRnaKZnEmii7BAANZODQZpBiUGDwZDBnMGBwYMhgCGUIZlRidGDMZAxiDGHcRLjTMbZEKVMjFA9wgwogHEJAHqkiA8=</latexit>

ĤGR = !â
†
â+

1

2
⌦�̂z + g1(â

†
�̂
� + â�̂

+) + g2(â
†
�̂
+ + â�̂

�)

Erlingsson et al. (PRB, 2010), Schliemann et al. (PRB, 2003)
Tomka et al. (PRA, 2014), Schen et al. (APB, 2014), …



PARITY SYMMETRY

{ |n,�i | n = 0, 1, 2, · · · ; � =", # }
<latexit sha1_base64="hOHDA4MFEaUOoYMxQarAcJ7Oxys="></latexit>

<latexit sha1_base64="v2Uy+EtGO0cQM32IAalU2xL0+vk=">AAABUnicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQuoxGQklsQEZCpY2SqkxlVnxhRkgkTyasHixZnpuYlxVfECygZ6BmCggMkwhDKUGaAgIF5APCYlP7k0NzWvJDknsbi4OjuzPDM5J7UWaJIhuj5MRpiRnqGZnkmgibJDANRMDgZpBiUGDQZDBnMGBwYPhgCGUIZkhi6GDQw7GXYxXGH4xcjIyAxRysQI1SPMgAIYeQA501JF</latexit>

⇧̂ := ei⇡n̂�̂z

<latexit sha1_base64="jCmVRMDu8JKvCuun8jV/6/Cu4bg=">AAABLnicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQsIR8dkJJZ46IDImIDMWAVbBYN4AWUDPQMwUMBkGEIZygxQEBAvIB6Tkp9cmpuaV5Kck1hcXJ2dWZ6ZnJNaCzTJEF0fJiPMSM/QTM8k0ETZIQBiJIe0koahuYNHQGhy5fwVKw+//PAJIsHICLVUmAEV/AYAUgNNFA==</latexit>

[Ĥ, ⇧̂] = 0

|0, "i

|0, #i

|0,+i

|0,�i

|1, "i

|1, #i

|1,+i

|1,�i

|2, "i

|2, #i

|2,+i

|2,�i

|3, "i

|3, #i

|3,+i

|3,�i

|4, #i
g
p

3 + 1



TOPOLOGICAL PROPERTIES



CHIRAL SYMMETRY
(NON-UNIFORM CHAIN)

g1 2 g2 3 g1 2 g2 5 g1
0;↑ 2;↑ 4;↑1;↓ 3;↓ 5;↓

(a)

g1 g2 g1 g2 g1(b)

<latexit sha1_base64="4M/05+fetomhOYdNBMggGKsb62Y=">AAABU3icSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQuoxkRkxqcqWNkqpMZVZ8YUZMZkJJbk1SrYKoAYMcWZ6bmJcVXxAsoGegZgoIDJMIQylBmgICBeQDwmJT+5NDc1ryQ5J7G4uDo7szwzOSe1FmiSIbo+TEaYkZ6hmZ5JoImyQwDUTA4GaQYlBg0GQwZzBgcGD4YAhlCGZIZuho0Muxh2M1xl+M3IxMgCUcrECNUjzIACGHkBIipR/w==</latexit>

⌅e := ei⇡n̂ = �̂z

<latexit sha1_base64="f/GpKpwJVYhjx58dYz/fb1pXGK0=">AAABR3icSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQtIxlTHZCSWeMSn6oDomIjM+NSYWgVbBYN4AWUDPQMwUMBkGEIZygxQEBAvIB6Tkp9cmpuaV5Kck1hcXJ2dWZ6ZnJNaCzTJEF0fJiPMSM/QTM8k0ETZIQBqJgeDNIMSgwaDIYM5gwODB0MAQyhDMkM9w1KGdQzrGU4yvGf4xvADopSJEapHmAEFMDICAI96Tto=</latexit>

{Ĥe, ⌅̂e} = 0

|0, "i

|0, #i

|0,+i

|0,�i

|1, "i

|1, #i

|1,+i

|1,�i

|2, "i

|2, #i

|2,+i

|2,�i

|3, "i

|3, #i

|3,+i

|3,�i

|4, #i
g
p

3 + 1



TOPOLOGICAL TRANSITION
ZERO-ENERGY “EDGE” STATE
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THE ‘GROUND STATES’
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THE ZERO-ENERGY STATE
SQUEEZED & SEPARABLE STATE

<latexit sha1_base64="9p2kxpmyp/U6Jil8Z6QQvQimYfg=">AAABrHicZYxLS8NAFIVn6qvWV7SCCzeDBUmhxqQUBUEo6MJlxb7AqWUyvWmGTh4mEx8t9X+694eYxoBoz+rcc+537FCKWJnmJy6srK6tbxQ3S1vbO7t72v5BNw6SiEOHBzKI+jaLQQofOkooCf0wAubZEnr25GbR914gikXgt9V7CAOPjX3hCM5UGg21DzoBNbudk9NrQl2mHp7oiI11qlxQ7LxezWpzTgMlPIgXF01CQmitRp8TNipljD6tkquUh7eQSnCUnqbSIdNFybLBX0fOiGtwg0Zi7KrqUKuYhpmJLBsrNxWUqzXUjugo4IkHvuKSxfFsIl4FlzBPl6z/3LLp1g3rwmjcNyrNVr5ZRMfoBOnIQpeoie5QC3UQR1+4hMv4EBu4jR/x4Oe1gHOmjP4IO98DgW8J</latexit>

|Di = Ŝ†(✓/2) |0i ⌦ |"i , Ŝ(z) := exp

✓
1

2
zâ†â† � h.c.

◆

<latexit sha1_base64="iNY3mVHLF+l4fFAXsQGCP2xKqc0=">AAABknicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQukxCTnF2fElGSkliQqqClY2SrEpBUlJlenxxvGGWmnxxvFGdVW14B5umBeTa1CTAxXTHFmHhZdRkCFQFXoOuIFlA30DMBAAZNhCGUoM0BBQLyAeExKfnJpbmpeSXJOYnFxdXZmeWZyTirIJEN0fZiMMCM9QzM9k0ATZYcAqJkcDNIMSgwaDIYM5gwODB4MAQyhDMkMpxg+MPxk+MUowmjF6MjoDFHKxAjVI8yAAhh9AEAfZo4=</latexit>

cosh ✓ :=
g21 + g22
|g21 � g22 |

sinh ✓ :=
2g1g2

|g21 � g22 |

<latexit sha1_base64="EdDRcH/VMGkLqakhNF3REUGY9rQ=">AAABsnicZY1LT8JAFIVnBBXxVXXpppENLsRCQMXEhEQXLjHKI2aETIcrTDrt1PYWNM38Szf+FVfy0sRwVif3fuccN1QyRsf5omuZ7PrGZm4rv72zu7dvHRy2Y51EAlpCKx11XR6DkgG0UKKCbhgB910FHde7nf07Y4hiqYMn/AjhxefDQL5KwXF66lsB8wDTO2Nf39gsCQYQuREXkLIRx8ceG/BhkeEIkJ9XTueoY0w/ZQjvmIYjjTowhmmUPsRMj//SM5IloTG9JfuWuBKnUavglJy57FVTXppCwyZzNfvWGRtokfgQoFA8jlNPTqRQYPIsiSHkwuNDSP1EoYz0ZNFfr1dqV1V71fz2tyul8kWp9lAtNJqLIZIjx+SEFEmZXJIGuSdN0iKCfJJvmqFZWqXPlFOxQNfoMnNE/omqHwKOegQ=</latexit>

|Di := Ŝ†(✓/2) |0i| {z }⌦
z}|{
|"i



PARITY MIXING I
BY APPLYING EXTERNAL MAGNETIC FIELD ON SPIN

<latexit sha1_base64="D1cWpKwqp/DWM39hVzJV4uscsR0=">AAABc3icSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQu4xmQklnjEx+QmlmQU5VanVpTUxhRn5io4gcSBrPTcxLgKBVsFJw0kAW0FbQUkrq5mvICygZ4BGChgMgyhDGUGKAiIFxCPSclPLs1NzStJzkksLq7OzizPTM5JrQWaZIiuD5MRZqRnaKZnEmii7BAANZODQZpBiUGDwZDBnMGBwYMhgCGUIZlhNcNFhlsMtxm+MkozKjGqQJQyMUL1CDOgAEZdAD9IXdk=</latexit>

Ĥext ⇠ B�̂
x = B(�̂+ + �̂

�)



CHIRAL SYMMETRY

<latexit sha1_base64="fVL0AWAvFbMkJqq1hI4Fv7sNjQY=">AAABjXicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQvEx2Qklnhw2SpopMcbgtiJCtoK6fFGYGZcTEpiOpDvpAnixhRnpucmxmlzaYMUGyEUG+JWrBsvoGygZwAGCpgMQyhDmQEKAuIFxGNS8pNLc1PzSpJzEouLq7MzyzOTc1JrgSYZouvDZIQZ6Rma6ZkEmig7BEDN5GCQZlBi0GAwZDBncGDwYAhgCGVIZjjK8JrhC8NXRn5GU0YbRjuIUiZGqB5hBhTA6A4A6JhjEw==</latexit>

Ĥ = (g1â+ g2â
† +B)�̂+ + (g2â+ g1â

† +B)�̂�

<latexit sha1_base64="tCEl3Vtc75TOidA86IlWnA3OLng=">AAABMXicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQuIxWQklsREZCrYKoBZxZnpuYlxVfECygZ6BmCggMkwhDKUGaAgIF5APCYlP7k0NzWvJDknsbi4OjuzPDM5J7UWaJIhuj5MRpiRnqGZnkmgibJDAMRIDmklDUNzB4+A0OSaRavXHHvz+StEgpERaqkwAyr4BwA0/U8j</latexit>

⌅̂ = �̂z

B

g2

g1

B

2 g2

2 g1

B

3 g2

3 g1

B

0;↑

1;↑

2;↑

3;↑0;↓

1;↓

2;↓

3;↓

B

g2

g1

B

g2

g1

B

g2

g1

B



NO TRANSITION
ALWAYS TOPOLOGICALLY NON-TRIVIAL
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THE ZEO-ENERGY STATE
SQUEEZED & SEPARABLE STATE

<latexit sha1_base64="gn5lkn6QGYzxn4sF5Kgj4QqkC/I=">AAAB6XicZY7LTsJAFIZn8IZ4q7pw4WaUhLQmlpYQTUxMSCTRZYlyWYyQaRnopNNL2kEQ0odwZ9z6GD6Jb2OpNaL8q/8/5/xfjhlwFglN+4S5ldW19Y38ZmFre2d3T9o/aEX+KLRo0/K5H3ZMElHOPNoUTHDaCUJKXJPTtunczPftJxpGzPcexHNAH10y9NiAWUQko570gR0qZvUYla4Rtomod3GfDGU8Yco83mdR2FSQckVJr7UY+4K5NEoT7vtjr4xHQYwwLqQleaqg0lUCpJMAczoQcjLmAzSdb0mK/HXoHNmqpeKQDW2h/DDqiwx5oXg+7Z6lSSn0pKKmaqnQstEzUwSZjJ50lDxrjVzqCYuTKJo5bMwsTuOEpP/vLZtWRdUv1GqjWqwZGTMPjsEpkIEOLkEN3AEDNIEFT+AtNGADOvAFvsK379MczDqH4I/g+xf29ITp</latexit>

|Di = D̂†(⇠)Ŝ†(✓/2) |0i ⌦ |# / "i

Ŝ(z) := exp

✓
1

2
zâ†â† � h.c.

◆

D̂(z) := exp(zâ† � z⇤â)

<latexit sha1_base64="uaN2p1sDm+/d1gqiKWZvD1uu6JQ=">AAABsHicbY1LS8NAFIXv1FetWqMuKrgJBoogliQUBUEounEZwbZZjA2TcdpOO3mQmfqgzcZ/6T/wZ5jEIGh7Vufe+51z/VhwqUzzE1XW1jc2t6rbtZ3dvfq+dnDYk9EsoaxLIxElrk8kEzxkXcWVYG6cMBL4gvX96V1+77+wRPIofFTvMXsKyCjkQ06Jylae9oFpJMdYjZkielO/vtHxMCF0PvKsgX0+8uyBnc4XxXRRTItUx7iGJQ9XpOwMzKiViTeuN3/B2zT/kPenNU8zzJZZSF82VmkMKOV4WgM/R3QWsFBRQaScT/krp4KlWZP1P7dsenbLumy1H9pGxyk7q3ACp3AGFlxBB+7BgS5Q+EJ11EDHyEYu8hD5QSuozBzBH6HJN9MKbgc=</latexit>

cosh ✓ :=
g21 + g22
|g21 � g22 |

sinh ✓ :=
2g1g2

|g21 � g22 |

⇠ :=
B

g1 + g2



PARITY MIXING II
BY APPLYING CAVITY INPUT FIELD

<latexit sha1_base64="21+r3/rVZEiuiz27DKBVUc9Wgog=">AAABWnicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQvoxGQklnjEx+QmlmQU5VanVpTUxhRn5iq4aYAkEuNiUhLTFbQVwBzNeAFlAz0DMFDAZBhCGcoMUBAQLyAek5KfXJqbmleSnJNYXFydnVmemZyTWgs0yRBdHyYjzEjP0EzPJNBE2SEAaiYHgzSDEoMGgyGDOYMDgwdDAEMoQzLDJIYdDAcZDjHcYWRi5GTkhihlYoTqEWZAAYwiAKmCVAI=</latexit>

Ĥext ⇠ F (â† + â)



CHIRAL SYMMETRY
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1;↑

1;↓
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F
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<latexit sha1_base64="KH9FU7TCClYqr5zzf3NlDQmagEc=">AAABLnicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQsIx0RkKtgqpMZVZ8YUZMZkJJbk1cYLKBvoGYCBAibDEMpQZoCCgHgB8ZiU/OTS3NS8kuScxOLi6uzM8szknFSQSYbo+jAZYUZ6hmZ6JoEmyg4BECM5pJU0DM0dPAJCkyvnr1h5+OWHTxAJRkaopcIMqOA3AOmYTe4=</latexit>

⌅ = ei⇡n̂

<latexit sha1_base64="PXta6WZkpZV3wuz51gKLveO4kHQ=">AAABdXicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQu4x2Qklnhw2SqA6MSYnNS0Eo30eEMQL6Y4Mz03MU5bQVshPd4ISUQXKOIWU5SZnlGiCWRm6CXrccULKBvoGYCBAibDEMpQZoCCgHgB8ZiU/OTS3NS8kuScxOLi6uzM8szknNRaoEmG6PowGWFGeoZmeiaBJsoOAVAzORikGZQYNBgMGcwZHBg8GAIYQhmSGdYyXGa4w3CX4TujLKMKoxpEKRMjVI8wAwpg1AcAu/9b3A==</latexit>

Ĥ = â
�
g1�̂

+ + g2�̂
� + F

�
+ h.c.



TOPOLOGICAL TRANSITION
FROM TOPOLOGICAL INSULATOR TO WEYL METAL
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<latexit sha1_base64="pKM4Na1OJPdBWZeso4xHEPIghqA=">AAABWnicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQvoaKTHG+qmxxtpxuSkppVEg7jaIG6ckYKugolbnFFMUWZ6Rkmsgp2CQbyAsoGeARgoYDIMoQxlBigIiBcQj0nJTy7NTc0rSc5JLC6uzs4sz0zOSa0FmmSIrg+TEWakZ2imZxJoouwQADWTg0GaQYlBg8GQwZzBgcGDIYAhlCGZYRLDDoaDDIcY7jAyMXIyckOUMjFC9QgzoABGEQDAhlC5</latexit>

(g1 � g2)
⇥
(g1 + g2)

2 � 4F 2
⇤
> 0



ZERO-ENERGY “EDGE” STATE
SQUEEZED & SEPARABLE STATE

<latexit sha1_base64="Qtat68Lcmajc4WyNhuFVc0Fk9L4=">AAABiXicZYzLTsJAFIbP4A3BS9WFCzeNbCAmpDVEjYkJCS5cYpRL4iiZDgc6YdppOgeJITycj+ETuNU3ELAb5V/9+f5LkGhlyfM+WG5tfWNzK79dKO7s7u07B4dta8apxJY02qTdQFjUKsYWKdLYTVIUUaCxE4wai7zziqlVJn6ktwSfIzGM1UBJQXPUc574CGl6O3NvXB4KenjhfTEscwqRRGWZeTNuSEVoC1zjgMoLyMcJl8byJFTumbskfTOJuVXxgvFUDUOq9JySV/WWcleNn5kSZGr2nOP5jRxHGJPUwtrpSE2U1DibP/n/d6umfV71L6q1+1qp3sw+83ACp1AGHy6hDnfQhBZIeIdP+IJvVmQ+u2LXv9UcyzZH8Ees8QPS2mbK</latexit>

|Di = Ŝ†(✓) |0i ⌦ (|"i cos�+ |#i sin�)

<latexit sha1_base64="MtEgWyycKzP/zEzARV6GeNeAOkA=">AAAB+3icZY3LSsNAFIZnvNZ6q7pw4WawUFIktYlFQRAKgrqsYC/C2DAZp8nQ3MxMtRLyNO7ErY/hA/g2TtqI1J7Vf/7z/9+xI48LWa9/w4XFpeWV1cJacX1jc2u7tLPbEeEopqxNQy+MezYRzOMBa0suPdaLYkZ822Nde3iZ3bvPLBY8DO7ka8QefOIEfMApkcqySl9YksDF0mWSoAuEr4nvE1RB50oL7gTJOMUeG0gNE1uoRcfiKZbJuG/qRopj7riyijAuZhgcuTyvDmJCkyvN0KfAapo4lpHDdeRYZop+U2qZHnQVSWdKGXiMKn9A9VVTqb55pFp9s3psphNTeRmzaJXK9Vp9MmheGLkog3xaVmkfP4Z05LNAUo8IkQz5C6ceSxXJ+N+bFx2zZpzWGreNcrOVMwvgABwCDRjgDDTBDWiBNqDwBN5DG1KYwjf4Dj+m0QWYd/bAzMDPH5v/iEY=</latexit>

tanh ✓ = � := signx
⇣
|x|�

p
x2 � 1

⌘

tan� :=
F (1� �)

g1�� g2
=

g2�� g1
F (1� �)

x :=
F 2 � (g21 + g22)/2

F 2 � g1g2



VARIOUS TOPOLOGICAL TRANSITIONS
FROM TOPOLOGICAL INSULATOR TO WEYL SEMI-METAL

<latexit sha1_base64="/TaL7rLvL8D8CyjG60R7ZAdHMIY="></latexit>

N = 1

He

Ho

B 6= 0
F 6= 0

N = 2

He

Ho

Bj 6= 0
F 6= 0



SUMMARY

• Generalized Rabi Hamiltonian
• Possible for circuit QED systems with parametric control of 

coupling?
• Various topological transitions with external fields.
• Zero-energy “edge” states show squeezing and separable from 

spins (qubits).


