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Crystal field theory

Founding fathers

A N NALE N D E R P H Y S IK JULY 15, 1932 PHYSICAL REVIEW VOLUME 41

5 FOLGE, 1929, BAND3, HEFT?2

Theory of the Variations in Paramagnetic Anisotropy Among
Different Salts of the Iron Group

By J. H. Vax Vieck
Uninersity of Wisconsin
Yon E Bethe (Received June 6, 1932)

(Mit 8 Figuren)

Termaufspaltung in Kristall
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Crystal field theory

Point groups

Symmetry lowered by “crystal field”: G C O(3)
Discrete set of symmetry operations remain
Conjugacy classes: R,S € Cif IT € G: R=T7'ST

Representations:

Ir
Pry; = Z[F(R)]ijwi
i=1

Characters:
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Crystal field theory

Point groups

e Example: character table of O, = O ® {E,i}

Oh FE 803 6Cé 604 302 7 856 60’d 654 3Uh
Ay 1 1 1 1 1 1 1 1 1 1
Asg 1 1 -1 -1 1 1 1 -1 -1 1
E, 2 -1 0 0 2 2 -1 0 0 2
Ty, 30 -1 1 1 3 0 -1 1 -1
15, 3 0 1 -1 -1 3 0 1 -1 -1
Alw 11 1 1 1 1 -1 -1 -1 -1
Aoy 1 1 -1 -1 1 -1 -1 1 1 -1
E, 2 -1 0 0 2 -2 1 0 0 -2
Ty 3 0 -1 1 -1 -3 0 1 -1 1
1o, 3 0 1 -1 -1 -3 0 -1 1 1
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Crystal field theory

Point groups

e Example: character table of O, = O ® {E, i}

Oh E 803 GCé 604 302 ] 856 60’d 654 30’h
Aig 1 1 1 1 1 1 1 1 1 1
Azg 1 1 -1 -1 1 1 1 -1 -1 1
E, 2 -1 0 0 2 2 -1 0 0 2
T, 3 0 -1 1 -1 3 0 -1 1 -1
15, 3 0 1 -1 -1 3 0 1 -1 -1
Ay 1 1 1 1 1 -1 -1 -1 -1 -1
Aoy 1 1 -1 -1 1 -1 -1 1 1 -1
b, 2 -1 0 0 2 -2 1 0 0 -2
T, 3 0 -1 1 -1 -3 0 1 -1 1
15, 3 0 1 -1 -1 -3 0 -1 1 1
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Crystal field theory

Point groups

e Symmetry lowered by “crystal field”: O(3) D G
e IRs of O(3) (i.e. atomic states) reducible in G:

DD = Pa,; 7D = 0,7V @ 0,0 & ... & 0, ")
=1

(Z angular momentum of interest, » number of IR for group G)

e Simply calculable thanks to character table:

(N; number of symm. operations in class C;; h = > ;_; N; = order of G)
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Crystal field theory

Point groups

Characters of SO(3) for rotation over a:

_sin(2Z + 1)§

fQ
SlIl2

XD (e)

Problematic for half integer spin: Y@ (a + 27) = (—=1)*Zx D) (a)
Introduce double groups (G*) with new element:

e R, Rotation over 2w
e R#FE
o R*=F

Additional conjugacy classes and IRs needed
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Crystal field theory

Point groups

o Example: additional classes and IRs of Oy :

O;; E R 8C3 8RCs GCé + 6RC§ 6C, 6RCy 3C5+ 3RCy )
Eipg || 2 2 1 -1 0 NCNG 0 2
Espg || 2 -2 1 -1 0 -2 V2 0 2
Fypog || 4 4 -1 1 0 0 0 0 4
Eijp, || 2 2 1 -1 0 V2 =2 0 -2
Esppu || 2 -2 1 -1 0 V2 V2 0 -2
Fyoon || 4 -4 -1 1 0 0 0 0 -4
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Crystal field theory

Symmetry-adapted basis states

e Different choices rationalized from “coupling schemes”

B o= 0+ 0+ Fy + Iy

term multiplet crystal field
splitting (RS)  splitting (SO) splitting
3d 1-10 eV 0.1 eV 1eV
4d 1-10 eV 0.1-1 eV 1eV
5d 1-10 eV 1eV 1eV
4f 1-10 eV 0.1-1 eV 0.01 eV
5f 1-10 eV 1eV 0.01-0.1 eV
op 1-10 eV 1eV 1eV
6p 1-10 eV 1eV 1eV
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Crystal field theory

Symmetry-adapted basis states: weak field

Natural for 4~ (lanthanides) and 5f~ (heavy actinides) configurations
2J + 1 degenerate atomic multiplet 2°+1L; split by CF:

D) — @ ajF(j)

j=1

o Reduction coefficients:

J
|SLJ; aT'y) = > (JM|Jal'y) |aSLJM)
M=—J

Example: Pr3*; 4f2; 3H,:

SHy=A1, 0B, 0Ty, &To,  (Op)
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Crystal field theory

Symmetry-adapted basis states: intermediate field

e Natural for 3d" (transition metals) configurations
o (2L +1)(2S + 1) degenerate atomic term 29+! L split by CF:

T
D) — @ a;T®
i=1

e Example: Cr3t; 3d3; 4F:

P =40, @y, (On)
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Crystal field theory

Symmetry-adapted basis states: intermediate field

o Tanabe-Sugano diagrams
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Crystal field theory

Symmetry-adapted basis states: intermediate field

@ Spin degeneracy further reduced through spin-orbit coupling:
D) — @ajf(j)
j=1

o CF multiplets obtained from direct product (spin-orbit interaction):

T

I 510 @D® = Pa (p@) 2 p(a‘)) - PP ajar®
j=1 j=1 k=1
o Clebsch-Gordan and reduction coefficients:

|a(SasF(j),LaLF(i))aF(k)'y(k)) — Z <SM5'| asl"(j)'y(j)><LML| U«Lr(i)’)’(i)>
Mg M~ (d)

<F(i>,y(i)1-\(j),y(j>| aF(k)'y<k)> |SMsLMrp)
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Crystal field theory

Symmetry-adapted basis states: intermediate field

@ Spin degeneracy further reduced through spin-orbit coupling:
T
D) — @ajf(j)
j=1

o CF multiplets obtained from direct product (spin-orbit interaction):
I 10 gD® = Pa, (]_‘\(i) 2 p(j)) - PP aar®
j=1 j=1 k=1
o Example: Cr3t; 3d3; 1F; 4Ty,
D3/2 _

- F3/29
Tig® F3/0y = Ei1yog ® E5jog @ 2F3)9
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Exercise: Configurations, terms and multiplets for Pr

@ Determine the ground and first excited configuration of a free Pr3* ion.

@ For both configurations, determine which LS terms and LSJ multiplets
are expected.
@ Draw a qualitatively correct energy level scheme, assuming Hunds’ rules,
showing:
o The effects of H), H} and Ho.
o A suitable label for every energy level.
e The degeneracy of every energy level.

© Check your result using
https://www.nist.gov/pml/atomic-spectra-database. Explain
possible deviations.
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Solution: Configurations, terms and multiplets for Pr3*

Configurations

@ The ground state configuration is readily found from the aufbau principle
(Z =59).

Pr: [Xe]4f?6s>

Prt: [Xe]4f%6s

Prt: [Xel4f?

Pr?t: [Xe]df?

taking care to ionize the outermost (largest n) shells first.

o The first excited configurations are found by exciting one valence electron
to the first empty shell:
o Pr*t: [Xeldf5d
o Pr’T: [Xe]df6s
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Solution: Configurations, terms and multiplets for Pr3*

Terms

@ Number of Slater determinants: % =91

@ Pauli’s exclusion principle must be respected: use My, Mg table

J. Joos (UGent) Symmetry WFS-2025




Solution: Configurations, terms and multiplets for Pr3*

(Mr,, Mg) table for the [Xe]4f? configuration

|6 | 5 | 4 1 3 | 2 | L | 0
+ + + + + + + + + + + + + + + + =+ + + +
1 (372) (371) (370)7 (271) (3y71)7 (270) (3»72)7 (2771)7 (170) (3773)7 (2772)7 (1771)
JH .SH deF $H3F 3H3F3P SHSFJP
+ - + - + - + - -+ + - - + + - - + + - + - - - + -
0| (3,3) | (3,2) | (3,1) | (3,0), (3,0) | (3,-1), (3,-1) | (3,-2), (3,-2), (2,-1) | (3,-3), (3,-3), (2,-2)
-+ -+ + - -+ + = -+ - + = -+ — + - -
(372) (371) (271)7 (271) (270)7 (270) (2771)7 (170)7 (LO) (2772)7 (1771)7 (1771)
+ = + - + =
(2,2) (1,1) (0,0)
tr tr e rta I ER)) R ERY)) IR ERY))
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Solution: Configurations, terms and multiplets for Pr3*

Terms

e 4f? configuration

o Number of Slater determinants: % =91

e Pauli’s exclusion principle must be respected: use M, Mg table
o In summary:
o Triplets: 3H, 3F, 3P
o Singlets: I, 1G, 1D, 1S
o 4f5d configuration

o Number of Slater determinants: 14 x 10 = 140
e Pauli’s exclusion principle is automatically respected: straightforward
coupling

e S=|s1—s2|,...,81+s2=0,1 or 1/2®1/2=0@1

o L=1|0,—0ls],... .00 +02=1,2,3,4,5 or 3R2=16G2030465
e All combintations:

o Triplets: 3H, 3G, 3F, 3D, 3P

o Singlets: 'H, 'G, 'F,'D, 1P

J. Joos (UGent) Symmetry WFS-2025




Solution: Configurations, terms and multiplets for Pr3*

Multiplets

e Angular momentum coupling: J =|L —S|...L+ S

e Example: 3H (L =5,5=1)

or

Total degeneracy = (2L + 1)(25 + 1) = 33
J=4,5,6

5®1=405®6

3H,, degeneracy = 2J +1=9
3Hs, degeneracy = 2J +1 =11
3Hyg, degeneracy = 2J 4+ 1 =13

e Singlets do not split (S =0, J = L)
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Symmetry
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Solution: Configurations, terms and multiplets for Pr3*

Energy level scheme

o Compare with experiment / empirical assignment

e Compare with ab initio wave function calculations (see also later lectures):

80

70

4f5d

412

S
S

=l

J. Joos (UGent)

SA-CASSCF

MS-CASPT2

spin-free calculations

Symmetry

RASSI-SO
spin—orbit
included

exp.

# strong spin - orbit interaction
between '/, and *F,

WFS-2025




Exercise: Crystal field levels Pr3* in YAG

Assume that the Pr3T ion is incorporated on an Y37 site of a YAG crystal.

@ Predict how the atomic 2°T1L terms split in the crystal field (with Do
symmetry). How many occurrences of every spin-symmetry combination
25+1T do you expect for both considered electron configurations?

@ Derive how every 2°T!IT is further split by spin-orbit coupling. What are
the corresponding symmetry labels?

D; E R 02 + RCQ (Z) CQ + RCQ (y) 02 + RCQ (l‘)
A 1 1 1 1 1
B 1 1 1 -1 -1
Bs 1 1 -1 1 -1
By 1 1 -1 1 1
By 2 -2 0 0 0
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Solution: Crystal field levels Pr3* in YAG

@ Descent from spherical symmetry (L part):
o S term: D@ =4
o Pterm: DY) = B, ® B, ® Bs
o D term: D? =24A® B, ® B> @ Bs
o Fterm: D® = A® 2B, ® 2By ® 2B;
G term: DY =3A @ 2B, © 2B, © 2B
H term: D® = 2A @ 3B, @ 3B> ® 3B3
I term: D'® = 4A @ 3B, ® 382 ® 3B3
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Solution: Crystal field levels Pr3* in YAG

@ Descent from spherical symmetry (L part)
e 4f? configuration: 334, 63B1, 63By, 63B3, 10' A, 6' By, 6! By, 6'B;

3A 3By 3By °Bs 'A 'By By !Bj
SH 2 3 3 3
S 1 2 2 2
3P0 1 1 1
7 4 3 3 3
e 3 2 2 2
'D 2 1 1 1
) 1 0 0 0
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Solution: Crystal field levels Pr3* in YAG

@ Descent from spherical symmetry (L part)
o 4f? configuration: 334, 6381, 63By, 63B3, 10' A, 6' By, 6! By, 6'B;
e 4f5d configuration: 834, 93B;, 93B,, 93B3, 8' A, 9'B;, 9'B,, 9' B3

2S+1A 2.5'—}—1B1 28—|—lB2 25+1B3

2541 2 3 3 3
25+1@q 3 2 2 2
28+ 1 2 2 2
28+1p 2 1 1 1
25+1p 0 1 1 1
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Solution: Crystal field levels Pr3* in YAG

Descent from spherical symmetry (L part)
4f? configuration: 334, 63By, 63B,, 63B3, 10' A, 6! By, 6' By, 6! B3
4f5d configuration: 824, 9381, 93B,, 93B3, 81 A, 9' By, 9'B,, 9! B
Descent from spherical symmetry (S part)

o Multiplicity 1: D = A
o Multiplicity 3: DY) = B; @ By @ Bs

Spin-orbit splitting:
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Solution: Crystal field levels Pr3* in YAG

@ Descent from spherical symmetry (L part)

e 4f? configuration: 334, 63B1, 63By, 63B3, 10' A, 6' By, 6! By, 6'B;
e 4f5d configuration: 834, 93By, 93B,, 93B3, 8'A, 9' By, 9' By, 9' B3
°

Descent from spherical symmetry (S part)

A B, B, B

5A T 1 1
3B, 1 11
5B, 1 1 1
5B, 1 1 1

4 1

1B, 1

1B, 1

1B, 1
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Solution: Crystal field levels Pr3* in YAG

Descent from spherical symmetry (L part)

4f? configuration: 334, 63By, 63Bs, 63B3, 10' A, 6! By, 6' By, 6! B3
4f5d configuration: 824, 9381, 93B,y, 93B3, 81 A, 9' By, 9'B,, 9! B
Descent from spherical symmetry (S part)

4f? configuration: 28A, 21By, 21 B, 21 B3 (91 SO states in total)
4f5d configuration: 35A, 3581, 3585, 35B3 (140 SO states in total)

J. Joos (UGent) Symmetry WFS-2025




	Point groups
	Crystal field theory
	Exercise: YAG:Pr3+

